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Introduction

In presenting the contents and the spirit of his 1997 article Geometric Methods in
Representation Theory of Hecke Algebras and Quantum Groups V. Ginzburg as-
serts that recent developments and discoveries “have made representation theory,
to a large extent, part of algebraic geometry”.

In this brief work we are not able to describe all the deep reasons under-
neath this conclusion but at least we may corroborate it by showing how some
representation-theoretic results follow, at times quite easily, when placed in the
appropriate geometric context. In other words we give some examples of geo-
metric constructions of the irreducible representations of the general linear group
which make possible the use of certain geometrical methods to gain informations
such as the dimensions, the characters of these representations, beyond obviously
an explicit realization of themselves.

The choice of the constructions we exhibit has been suggested by an arti-
cle of J. Kamnitzer [K]. In particular this thesis deals with a Borel-Weil type
construction and Ginzburg’s work contained in his Representation Theory and
Complex Geometry. The former dates back to the early 1950s in its original ver-
sion and was extended by R. Bott in 1957; the latter is more recent and due to
V. Ginzburg.

Consequently the thesis is fundamentally divided into two parts besides a short
chapter in which we recall the basics of representation theory for the general lin-
ear group, mainly to fix notation used throughout these pages.

In chapter two we describe a realization of a family of irreducible represen-
tations of the general linear group on the space of global sections of certain line
bundles defined on varieties of flags (of a given vector space) which in our case are
not supposed to be complete, in this differing from the usual Borel-Weil construc-
tion. In fact we follow more closely the approach in Fulton’s book Young Tableauz
which provides a constructive version of the Borel-Weil theorem. Namely in the
original Borel-Weil construction we gain any irreducible representation of highest
weight taken among the dominant weights on the space of global sections of a
line bundle, depending on the weight, on the variety of complete flags, whereas
in our case also the flag variety varies together with the weight. The pro of this
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choice is essentially that all the constructions become more “visible”, that is for
example we are able in this setting to give an explicit formula for the highest
weight vector.

The last section is devoted to an important application of a result known
as Atiyah-Bott (or Woods Hole) fixed point theorem (early 1960s) to this case,
which permits to compute the Weyl character formula. This is an evident exam-
ple of how fruitful the geometric approach can be. In a letter to Grothendieck
dated 2-3 August 1964, J.P. Serre outlines it saying that “c’est d’une simplicité
étonnante” and, later on, “magnifique”. Indeed, once Borel-Weil theory is given,
the deduction of the Weyl character formula by means of the Atiyah-Bott theo-
rem is quite natural.

The third chapter introduces Ginzburg’s construction. Using Borel-Moore
homology we manufacture a convolution algebra which turns out to be a homo-
morphic image of the enveloping algebra U(gl,,). This algebra has a natural,
intrinsically geometrical, action on other homology groups and in this manner we
obtain irreducible representations of the general linear group.

This method permits for example to compute the dimensions of the weight spaces
inside a representation by counting the irreducible components of a given variety.

As an application we work out explicitly all the simple gl,-modules.

We stress throughout these pages the benefits of using geometrical methods
to understand representation theory and in particular we try to do this via low-
dimensional examples.

Acknowledgements

I am grateful to my advisor Dr. R. De Jong for his support in front of my ever-
lasting insecurity and Prof. S.J. Edixhoven for his fruitful suggestions.

I would also like to thank Dr. G. Carnovale, Dr. F. Esposito and Prof. M. Garuti
for their helpfulness.

I thank all the friends I left in Italy and somewhere else in Europe and the ones
I shared this experience with. In particular I want to thank Arianna for her
invaluable support and Francesca for all the precious time spent together.

This thesis is dedicated to my sisters, my mother and the memory of my
father.



Contents

1 Representation theory
1.1 Highest weight theory . . . . . . . . .. . oo o
1.2 The action of the Liealgebra . . . . . . ... ... ... ... ....

2 Representations and line bundles
2.1 Flagvarieties. . . . . . . . ..
2.2 Equivariant linebundles . . . . . ... ... oo oL
2.3 Weyl character formula . . . . .. ... oo o

3 Ginzburg construction
3.1 Borel-Moore homology . . . . .. .. ... ... L L.
3.2 Convolution in Borel-Moore homology . . . . . . .. ... ... ...
3.2.1 Convolution product . . . . . . .. .. ...
3.2.2  Convolution product for varieties and their conormal bundles .
3.2.3 The convolution algebra . . . . . . . ... ... .
3.3 Main construction . . . . . . ... L
3.3.1 lrreducible gly-modules . . . . ... ... o0



CONTENTS



Chapter 1

Representation theory

We give a preliminary review of some basic results in the representation theory
of the general linear group GL,,(C) (later on simply denoted with GL,,). Good
references for the proofs are [FH] and [GW].

In particular we deal with representations supposed finite-dimensional and
algebraic, in the sense explained below.

Definition 1.0.1. An algebraic finite-dimensional representation of GILL,, is a cou-
ple (m, V'), where V is a finite-dimensional complez vector space and 7 : GL,, —
GL(V) is a group homomorphism which is also required to be a morphism of
algebraic varieties.

Hence from now on, we will reserve the term representations for this particular
class.

1.1 Highest weight theory

It’s known that all representations of GL,, decompose as a direct sum of irre-
ducible subrepresentations. This means that we can reduce our attention to the
description of the irreducible representations.

These can be characterized using the highest weight theory, that is we study
representations by restricting them to the maximal torus H of GL,, consisting of
invertible diagonal matrices, hence isomorphic, as an algebraic group, to (C*)™.
For a representation V' of GL,, this restriction gives rise to a decomposition of V'
into the direct sum:
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8 CHAPTER 1. REPRESENTATION THEORY

where ¢ = diag(ti,...,tn) € H acts on each vector v € V, in the following way:
to=t" - thmy

The p’s s.t. V), # 0 are usually called weights of the representation V' and each
vector subspace V,, weight space.

We may define a partial order on the weights, i.e. on Z™. For two elements
A b € Z™, we say that

A>2pedA—p=kaol+ ...+ kpn_1am-—1

where the k;’s are non-negative integers and «; := (0,...,1,—1,...,0) with 1 in
the 4-th and —1 in the (¢ + 1)-th position.

It is also convenient to introduce a subset of Z™.

Definition 1.1.1. We call dominant weight a m-uple of integers belonging to the
set

Ploi={(u1,. . s pim) €Z™ | i > pivq fori=1,...,m—1}
The dominant weights parametrize the irreducible representations.

Theorem 1.1.2. For each \ € P} there exists a representation V(\) which is
both irreducible and of highest weight . The set I1 := {V(A)},cp+ constitutes a
complete collection of the irreducible representations of GL,,.

Two irreducible representations V(X\),V(u) € II are isomorphic if and only if
A= pu.

Each V(X) can be characterized as well studying both the action of the torus
H and the one of the subgroup N of GL,, consisting of upper triangular matrices
with 1’s along the diagonal.

Theorem 1.1.3. A representation V' is isomorphic to V(X) if and only if the
vector space of the N -invariant vectors in 'V has dimension one and it is a weight
space of weight \.

Example 1.1.4. The one dimensional representation defined by the m-wedge prod-
uct of the standard representation (id, C™) i.e.

D: GL, — GL(A™C™)=CX
g = det(g)

is called the determinant representation and corresponds to the irreducible rep-
resentation V'(1,...,1), whereas its dual D* is isomorphic to V(—1,...,—1).
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Theorem 1.1.5. Let A€ {u € B | u; >0 fori=1,...,m}. The representation
7w : GL,, — GL(V()\)) is given by polynomials, i.e. after choosing a basis of
V(A), so GL(V (M) = GLy(C) for N = dimg V(A), the N? coordinate functions
are polynomial functions of the m? variables.

Consequently we call these irreducible representations polynomial represen-
tations.
By tensoring irreducible polynomial representations with a suitable power of
D* we obtain all the irreducible representations since V (A1, ..., Ap) ® (D*)F =
V(AN —k, ..., A\ — k). For this reason we mainly consider thoughout these pages
the polynomial representations.
This basically corresponds to studying the restriction of representations of GL,,
to the subgroup SL,,, which acts trivially on A™C™.

1.2 The action of the Lie algebra

Following Ginzburg [CG], the second realization of the irreducible representations
of GL,, will be exhibited indirectly by describing the induced action of the Lie
algebra gl,,,.

So we need some criteria to recognize the irreducible representation V() from
the Lie algebra action.

The picture is given in the following theorem, where n is the subalgebra
of strictly upper triangular matrices and b the Cartan subalgebra of diagonal
matrices in gl,,,.

Theorem 1.2.1. Let (w, V) be a representation of GL,, and (dm, V') the represen-
tation of gl,, induced by differentiation.

The representation V' is irreducible for both the action of GL,, and gl,, if and
only if the subspace V" := {v € V' | n.v = 0} has dimension one. Moreover in this
case if v € V' h € b then h.v = (h,\)v, where X\ is the highest weight for the
decomposition of V' under the action of the abelian algebra b and (—,—) is the
bilinear form defined by (diag(ai,...,am), (A1,..., Am)) := a1 A1 + -+ + amAm.
With these conditions we have V = V().

Remark 1.2.2. The algebra gl,,, is generated as Lie algebra by the elements H; :=
diag(0,...,1,...,0) (with 1 in the i-th position), for ¢ = 1,...,m, and the so
called Chevalley generators E;, F; for i = 1,...,m — 1, where Fj; is the matrix
with 1 in the (4,7 4+ 1)-entry and 0 elsewhere and F; is the transpose of E;.

So, of course, a representation of gl,, can be given by simply defining consistently
the action of h and the Chevalley generators.
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Chapter 2

Representations and line bundles

In this chapter we describe a first geometric construction of the irreducible al-
gebraic representations of the general linear group GL,,. Namely we will realize
them on the space of global sections of certain line bundles over flag varieties.
Along this first chapter we follow the approach in [F].

2.1 Flag varieties

We first describe flag varieties using the Pliicker embedding and later we identify
them with certain homogeneous spaces. This endows flag varieties with a natural
action of GL,, and permits a more explicit description of the equivariant line
bundles over them.

Definition 2.1.1. Let (d;);_, be a sequence of strictly decreasing integers such
that 0 < d; < m for any i. The flag variety F@»9s(C™) is the set of nested
subspaces of C™: {Vq := (V1 C ... C Vg) | dim(C™/V;) = d;}.

Later on we will refer to the s-uple d := (dy,...,ds) as the type of any flag
‘/. c fdl,.,.,ds(cm).

Such sets can be embedded inside a product of projective spaces. This requires
the use of the Pliicker embedding. For a finite dimensional complex vector space
V we denote with P*(V') the dual projective space, i.e. P(V*). Then recall that, if
Gr?(C™) is the Grassmannian of subspaces of C™ of codimension d, the Pliicker
embedding

Gri(Cc™) — PH(AC™)
V — ker(AIC™ — AYC™/V))

gives a bijection from Gr¢(C™) to a subvariety of P*(AYC™).
The flag variety F@ % (C™) is a subset of Gré(C™) x ... x Grs(C™) with
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12 CHAPTER 2. REPRESENTATIONS AND LINE BUNDLES

some incidence relationships, thus we can embed F»ds (C™) < P*(AMC™) x
X PE(AC™).

Furthermore any flag variety F@ % (C™) can be identified with a quotient
of GL,,. Indeed let P; be the subgroup of GL,, formed by the matrices with
invertible square matrices of size ds,ds_1 — ds, ..., m — dy along the diagonal and
arbitrary entries below.

Proposition 2.1.2. The quotient GL,,/P; can be identified with the flag variety
fdl,...,ds (Cm)

Proof. The subgroup P, previously introduced is exactly the subgroup of GL,,
fixing the flag Uy = (U; C ... C Us) of subspaces of C™ defined by U; :=
<edi+17 ) em)‘

Consequently we have a well-defined map:

GLy,/Py — Fhrds(C™)
gPg — g-UyC...Cg- U

The claim now follows from the fact that GL,, acts transitively on the set of all
flags of fixed type. O

Hence the embedding of the flag variety F@% (C™) previously described
gives the quotient GL,,/P; a structure of projective variety.

2.2 Equivariant line bundles

As anticipated, the action of GIL,, will be given on the space of global sections
of certain line bundles on flag varieties. So we begin recalling a few definitions
about line bundles on projective varieties.

Definition 2.2.1. A line bundle on a projective variety X is a morphism of alge-
braic varieties w : L — X together with a one-dimensional complex vector space
structure on w1 (x) for each x € X, with the property that there exists an open
covering {U;};c; of X and isomorphisms 1; : 7 Y U;) — U; x C s.t. the maps
i o wj_l 2 (UinUj) x C— (U;NUj) x C are given by (z,2) — (x, ¢ij(2)), with
¢ij : UinU; — GL(C) regular.

A morphism of line bundles 7 : L1 — X,m : Ly — X is a morphism
1 : L1 — Lo s.t. the diagram

L14¢>L2

"

X
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commutes and the maps induced between the fibres 7, () and 7, ! (z) are linear.
For any variety X, there is a line bundle L = X x C called the trivial line bundle.
Hence the condition #i) in definition 2.2.1 equals to require L locally trivial.

Example 2.2.2. On any projective space P*(V') there is a hyperplane line bundle
Op+(v)(1) whose fibre over a point W € P*(V') is given by the quotient V/W.
The n-th tensor power Op«(/)(1)®" is a line bundle on P*(V) as well and we
denote it with the symbol Op«(y/)(n).

For any projective subvariety X C P*(V) we call Ox (n) the restriction of Op«(y(n)
to X and more generally, on a subvariety X C []i_; P*(V;), we define the line
bundle Ox(ny,...,n,) = ®z:1(pri)*(’)p*(m(ni), where pr; is the projection
X C I Pr(Vi) = P*(V)).

The group GL,, acts naturally on the flag variety F % (C™). We would
like GL,, to act also on some line bundles over it in such a way that the projection
from the line bundle onto the variety commutes with these actions. This sort of
line bundles are called equivariant.

Definition 2.2.3. An equivariant line bundle on a variety X endowed with an
action of a group G is a line bundle w : L — X, together with an action of G on
L, s.t. n(g.x) = g.n(x) for any x € L and g € G.

Given a line bundle L, a morphism of varieties s : X — L s.t. wos =1id is
called a global section of L. The set I'(X, L) of all such sections is a vector space
with the operations defined using the vector space structure on each fibre.
Furthermore, for an equivariant line bundle, T'(X, L) has a structure of a G-
module, with the action of an element g € G given by s + (z + g.s(¢g.2)). In
fact it easy to check that 7(g.s(¢g~'.z)) = g.(mr 0 s)(¢” ' .2) = g.id(¢g~'.x) = = for
any x € X.

Now our goal is the realization of the irreducible representation of highest
weight A := (A1,..., \p,) on the space of global sections of a suitable equivariant
line bundle on a flag variety.

Let A = (d,...,d%) be the partition conjugate to A (where a; stands for the
multiplicity of d;).

Theorem 2.2.4. Let L be the line bundle OgL,,/p,(a1, - .., as) for the embedding
of the flag variety GL,, /Py = F-ds(C™) inside P*(ALC™) x ... x P*(A%C™).
The space of sections I'(GlL,,/ Py, L) is isomorphic to the representation V()).

Proof. Postponed. O

In order to get a description as explicit as possible of this representation, we
need to make beforehand a few observations.
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For any equivariant line bundle w : L — GL,,,/ P4, Py acts on the left on the
fiber (L)p, by a character x € Py. Indeed for any p € Py and = € (L)p, we have
7(p.x) = p.n(x) = p.Py = Py in GL,,/ Py thanks to the equivariance. Hence Py
acts as a subgroup of Aut((L)p,) = C*.

On the other hand, for any character x € ]51, we can manufacture an equivariant
line bundle L(x) over GL,,/P; by defining

L(x) := (GLy x C)/ ~

where the equivalence relation is given by (gp,z) ~ (g,x(p)z) and taking the
canonical projection 7y : (GLy, x C)/ ~ — GL,,/P;. Moreover L(x) is endowed
with a natural GL,,-action given by multiplication on the first factor, which
commutes with the projection .

The following proposition will allow us to work with this kind of line bundles as
well.

Proposition 2.2.5. The category of equivariant line bundles on GL,,/Py with
morphisms the isomorphisms of equivariant line bundles (i.e. isomorphisms of
line bundles commuting with the group action) and the category of characters of
Py with morphisms the identity morphisms are equivalent.

Proof. We have already described two correspondences between the objects. We
hence need to verify whether they are functorial and both the compositions are
naturally isomorphic to the identity functor.

To check the functoriality we simply need to prove that two isomorphic equivari-
ant line bundles L1, Lo yield the same character. This follows from the equivari-
ance, in fact, if ¢ : Ly — Lo is an isomorphism, then for any « € (L)p,,p € Py
we have x1(p)@(z) = ¢(x1(p)x) = d(p.z) = p.¢(z) = x2(p)d().

It remains to show that if y is the character associated to the equivariant line
bundle 7 : L — GL,,/ Py, then m, : L(x) — GL,, /P, is isomorphic to L, whereas
it is clear that the character constructed from L(x) is x itself. To prove the claim
we first fix a non-zero element y € (L)p, and define the map

This is well defined as if (g, z) ~ (¢, 2'), that is ¢’ = gp~! and 2’ = x(p)z, then

d(g',2") =g 2"y = gp~L.x(p)zy = g.-x(p~H)x(p)zy = #(g, 2). Besides mo ¢ = 7,
since my(g,2) = gP; = g.7(2y) = 7n(g9.2zy) = 7(¢P(g,2)). Finally ¢ is clearly
equivariant.

We claim that ¢ admits an inverse. Let z € (L)y4p,, then z = g.(g'.x) where
gl € (L)p, and consequently it can be written as zy for a suitable z € C. So
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we define a morphism

P L —  L(y)
r=g.(29) = (9,2)

which is well defined as if ¢’ = gp for some p € Py, then z = ¢'.(¢"t.z) =
gp-(p~". (g7 @) = gp.(x(p~")g~".x) = gp.(x(p~!)2y) and consequently 1 (z) =

(g9, x(p~")2) ~ (9. x(P)x(p™")z) = (g, 2) in L(x).
The morphism 1 is the inverse of ¢ and the proof is concluded. O

Willing to work with equivariant line bundles of the type L(x), now we have
to compute the character associated to the line bundle L.
The fiber of L* at a point V, := (V4 C ... C Vi) of Féds(C™) is, by definition,
(LMv, = AT(C™/V1)2 © ... @ A% (CT/V5)®%.
The fixed point under the action of Py is given by the flag U, := (U C ... C Uy),

where we recall U; := <€di+1, el em>.7
Hence, if we take a point z := a(e1A...Aeq, )21 ®...@(e1A. .. Aep)®% € (L)y,
we have p.x = det(pg, )™ - ... det(pq,)*x, where we put py, = (pij)?f;i:l. This

means that L is isomorphic to L(xy) for
S
xa(p) = [ [ det(pa,)
1=1

Now we recall that a section of the line bundle m, : L(xx) = GL,/P; is a
morphism s : GL,,,/P; — (GL,, x C)/ ~ s.t. my 05 =1id.
More explicitly if s € I'(GL;,/Pg, L(xx)) we must have s(gP;) = (g, f(g)) where

f: GLy — Cis a morphism s.t. (g, f(g)) ~ (gp, f(gp)) ~ (9, x2(p)f(gp)), that
is f satisfies the property:

f(g9) = xx(p)f(gp) (2.1)

We are finally able to prove our main claim.
Proof of the Theorem 2.2.4. We want to prove that the map

GL, — GL(I(GLy,/Py L(xy))
g — s (h g.s(gt.h))

defines a representation which is isomorphic to the irreducible representation
V(A).

Let s be a section and suppose s(h) = (h, f(h)) for a suitable function f satisfying
property (2.1). Then g.s(¢g~*.h) = g.(97h, f(g71.h)) = (h, f(g~1.h)), so the
action translates into an action of GL,, on the space S(x,) of morphisms GL,,, —
C which fulfil the requirement (2.1). More precisely, the map (h, f(h)) — f(h) is
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an isomorphism of representations, with the action on S(x») given by g.f(h) :=
f(g~'h). Consequently we can focus on this second functional space.

Now we want to know whether there is, up to scalars, a unique highest weight
vector of weight A in S(x»).

We start by noticing that the evaluation at 1 € GL,, is an injective morphism
between the vector space of highest weight vectors and C.

In fact the value of a function f € S(x,) on any element p € Py can be computed
using relation (2.1): f(p) = x(p~')f(1). Moreover any highest weight vector
is by definition invariant under the action of the group NN of upper triangular
matrices with all 1’s along the diagonal, hence f(u.g) = u~'.f(g) = f(g) for any
u € N,g € GL,, and highest weight vector f. Now, being the subspace N - P;
dense in GL,,, we conclude that

SN = C
= f()

is an injective homomorphism from the vector space of N-invariant vectors to
C. Consequently the vector space S(x»)" is at most one dimensional. Using the
character y we can exhibit a non-zero vector F' € S(xy)".

We claim that such a vector is given by the function F(g) := xi(g7!) =
[, det((g~1)a,)%.

We first observe that y) extended to the whole group GL,, is clearly not a ho-
momorphism, but with simple computations it seen to satisfy the relations

xa(pg) = xa(p)xa(g) for any p € Py, g € GLy,
xa(gu) = xa(9) for any g € GLL,,,u € N

The former guarantees that F' € S(x,) since xa(p)F(gp) = xa(p)xa(p~tg™1)

XA @A™ xalg™h) = xalg™!) = Flg) for any p € Py, the latter that F
is invariant under the action of N as u.F(g) = F(u=lg) = xa((utg)™!) =

xalgtu) = xa(g™!) = F(g) for any u € U.
Finally, if t := diag(¢1, ..., tm), then

t.F(g) = F(t'g)
= xa(g7't)

T (Cjlasia) 1 A
_ Hti gldj>i %I ~Hdet((g_1)di)al
=1 =1
= .t F(g)

for any g € GL,,, that is to say F' has exactly weight A. Thanks to Theorem
1.1.3 this equals to say S(x») = V()). O
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Example 2.2.6. We can make explicit the computation described above for the
case m = 2.

We start from a dominant weight A = (A;,0). Its conjugate is A = (1*), so we
know we have to look at the variety of flags of the type (1,0) inside C2, i.e. to
PL(C).

We then want to study the global sections of the line bundle Op1(¢) (A1) which is
isomorphic to L(xy) for the character x, := a:i‘i of the subgroup

Py = {g € GLy | 12 = 0}

where z;; stands for the standard coordinate function on GlLo.
Hence the representation V' (A) can be realized on the functional space

SO0 = {f € C [{wi 2 oy, (@) | £l9) = 2t (1) (9p) for g € GLa,p € Py }

More explicitly we require

(e a)) ==y e a) (5 )
- ()
In particular for p = r = 1 this implies
(e o)) = a))

which means that f € C [I‘12,£II22, (det)_l].
Whereas for ¢ = 0,7 = 1 we have

(e b)) =ms((2 b))

which, together with the previous observation, forces f = det™ h, with h €
C [z12, 722]-
Finally, for p = 1,¢ = 0 we compute

(ad —be) ™ h(b,d) = f(<6cl Z>>

- (2 5))

= (ad — be) M r M A(br, qr)
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from which we may infer that S(x,) is composed of all functions f of the form
(det)=1h for h € C [z12, 1:22])\1 homogeneous polynomial of degree A1 in 12, T29.
Thus dim V(A) = dim S(x) = A1 + 1. Moreover we have the weight decomposi-
tion:

A1
S00) = @ ((det) Malyads ™)
k=0
since
diag(t1, ta).(det) Mafrens "(g) = (det) Mafyrny "(diag(t; ", 15 ")g)

= (tita)™ - 7Ry M (det) M TR aky (g)
A—k — A1—k
= 1 7R (det) Mty (g)

and hence (det)_)‘lxlﬁxé\é_k is a weight vector of weight (A; — k, k).

2.3 Weyl character formula

We realized the irreducible representation V()\) on the space T'(GL,, /Py, L) of
global sections of the line bundle 7 : Og,,/p,(a1,...,as) — GLy, /Py, with
(di*,...,d%) the partition conjugate to A.

The space we called T'(GL,,/Py, L*) is actually the 0-cohomology group of a
certain sheaf. Indeed the assignment

Ly: Op(GL,,/P;) — Vect
U — {s:U—=L|mos=idy}

with the obvious restriction morphisms defines a sheaf of vector spaces on GL,,, / P;
and the vector space of global sections is H°(GLy, /Py, £)) = T'(GLy,/ Py, L*).
In particular we showed that H°(GL,, /Py, £)) # 0. This is proved to be the only
non-vanishing cohomology group of the sheaf L.

Proposition 2.3.1. In the notation used above, for any dominant weight A we

have A
H'(GL,,/Pyg, L)) =0
for any i # 0.
Proof. See e.g. [D]. O

Any element g € GL,, acts as an endomorphism of I'(GL,,/Py, L"). Now we
want to compute the trace of this endomorphism using a deep result known as
Atiyah-Bott fixed point theorem.

Consider a projective non-singular variety X endowed with a vector bundle 7 :
F — X and a morphism f: X — X.
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By means of the morphism f we can define the pullback vector bundle 7’ : f*F —
X as {(z,2) | f(x) = n(2)}, i.e. with (f*F); = (F)f(;). Furthermore f induces
a map between the spaces of sections of the sheaves associated to these vector
bundles:

I'y: (X, Lr) — D(X,LpF)

s — sof

Now, if there is a vector bundle morphism ¢ : f*F — F, the composition ¢ oI’y
gives an endomorphism, denoted with (f,¢), of I'(X, L) which induces endo-
morphisms H¥(f, ¢) of all cohomology groups H*(X, Lr).
Any vector bundle map ¢ : f*F — F is called a lifting of f to F. With this
terminology M. Atiyah and R. Bott established the following result.

Theorem 2.3.2 (Atiyah-Bott). Let X be a non-singular projective variety, F a
vector bundle on X and f : X — X a morphism whose graph is transversal to
the diagonal A in X x X. Also let ¢ be a lifting of f to F'. Then

T ((f,9)) =Y (=) Tr(H"*(f, ) Z - ?_%df -

q=0

where S is the set of fized points of f and (df), is the application tangent to f at
the point y.
Proof. See [AB]. O

We can apply the previous result in case X = Fé-ds(C™), F = L* and f is
the map [,-1 : GLy,/Pqy — GL,,/Py given by left multiplication by the element
g~ € GL,,.
As a lifting of the map I,-1 we can take the map Ay : (I,-1)*L* — L* defined on
the fibres by

((lg—l)*LA)x — (L)\)x
Yy — gy
which induces the map
T(GLy, /Py, (I,-1)*LY) — T(GLyy /Py, L)
S = gos

Thus the map (I,-1,Ay) corresponds exactly to the endomorphism induced by the
action of g on I'(GL,,/ Py, L") as defined in the previous section. Consequently if
we denote with Tr(g) the trace of this endomorphism, thanks to Theorem 2.3.2
and Proposition 2.3.1, we have

gly
det 1-— dl _1) ) (2:2)
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We restrict the computation to the elements g € H, in fact all semisimple elements
in GL,, are conjugate to an element of H and the trace is known to be a class
function.

Moreover suppose for simplicity Ay > A2 > ... > A\, > 0, so that we work with
the complete flag variety F™+1(C™) and the bundle OGLy /Py (Ams - -+ A1 — A2).
Consider an element t = diag(ty,...,t,) € H, with the ¢;’s distinct. The fixed
points of [,—1 are exactly the flags of the form

VS = (0 C (es(m)) S (€o(m)s €otm-1)) € -+ C (Ea(m)s-- -+ €0(1)))

where (e;)7; is the canonical basis of C™ and o € S, a permutation.
Both the fibre of the line bundle (I,-1)*L* and of L* above V7 equal

/\m(Cm)@)\m X...0 ((Cm/ <eo'('m)7 RN 60‘(2)>))\1_)\2
hence

Tr(AtW.") = (tafl(l) S tg—l(m)))‘m e (taﬂ(l)))‘l*)‘?

= Tl

=1

It is left to compute the denominators in the expression 2.2.

The tangent space at the origin Vg is Tyia(GLy/Pa) = gl,,/pa where pg =
Lie(Py), hence a basis is given by the set of matrices {Ei;},.;_;<,, (Eij being
the matrix with one in the (7, j)-entry and zero elsewhere).

We claim that the differential di;—1 acts on a vector Y € gl,,,/pq as the adjoint
map Ad(t~1). In fact, if we denote with C;-1 the conjugation action of t~!, we
have the following commutative diagram

Cp-1

GL,, GL,,

| i

=

Looking at the differential we get

Ad(t™1)
gly, — gl

L

g[m/pdﬂ> g[m/pd
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and taking the quotients we obtain the desired result.
Thus in particular then we have (dl;—1)y;a(Eij) = t71t; By, s0

det(1 — (dl—1)ya) = [J(1 = t74) = (677 ott) T Tt = 1)

1<j 1<j

Similarly, if with an abuse of notation we denote with o the permutation matrix
defined by o(e;) = e,(;), then we have Tyg (GLy/Py) = o - gl,,,/pa -0~ *. Con-
sequently a basis for the tangent space at the flag V7 is given by E,-1(;) 5-1(j),
with ¢ < j, and we obtain

det(l - (dltfl)V.G) = ((tafl(l))m_l Tt tcrfl(m—l))i1 : Sgn(0> H(tz - tj)

1<j
Finally the equation 2.2 can now be rewritten as
Tl"(t) _ H;T;l(tcfl(i)y\i

- -1

o ((tofl(l))mfl et to-fl(mfl)) : sgn(o) Hz’<j(ti — tj)
1 < m Notm—i

= = (e [T trrp) )

[Lic;(ti—t) z{f: };[1 ©

det(£7™ )

o det(tT)

The last term gives the character of the representation V().

Theorem 2.3.3 (Weyl). The character of the irreducible representation m : GL,, —
V(A), for X\ = (A1,...,A\m), is the function H — C given by:

Tn(diaglin, ... ) i )
r(m(diag(ty, ... tn))) == ————"
det (")

Proof. See e.g. [FH], §24.1. O

Example 2.3.4. The formula due to Weyl provides informations on the dimension
of each weight space of a given representation. Consider for example the repre-
sentation V(2,1,0) of GL3. The trace of an element t = diag(ty, t2,t3) is given
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det | t3 t3 3

Tr(t) =

det t1 to 3
11 1
(1 —3) (] — 13) (13 — t3)
(t1 —t2)(t1 — t3)(t2 — t3)
= 3y + t2t3 + 1113 + 1113 + 2t1tots + t3ts + tot3

The coefficient of the monomial ¢} t5*t4* is precisely the dimension of the weight
space relative to u = (u1, g2, 13). Hence in this case we can deduce that there are
6 one-dimensional weight spaces, whereas the one relative to the weight (1,1, 1)
has dimension 2.



Chapter 3

Ginzburg construction

In this chapter we will provide another geometric construction of the irreducible
representations of GL,, due to Ginzburg [CG]. This time vector spaces involved
are certain homology groups of conormal bundles of flag varieties.

Besides another geometric interpretation of these representations, we will gain a
method to compute the dimensions of weight spaces in each V(A) by counting
the number of irreducible components of certain varieties.

Finally we will provide some concrete examples of this construction, recovering
in particular the description of the simple gly-modules.

3.1 Borel-Moore homology

Borel-Moore homology will be the functor used to construct representations of
GL,,. For a detailed treatment of the properties of BM homology we refer to [B].
Let Y be a locally compact topological space that has the homotopy type of a
finite CW-complex. Furthermore we assume that ¥ admits a closed embedding
into a C°°-manifold M and there exists an open neighborhood U D Y in M s.t.
Y is a homotopy retract of U. For such space Y, BM homology is the homology
of the chain complex of locally finite chains in Y, i.e. we consider chains of type
Y2 aioi, where o5 is a singular simplex, a; € C, s.t. for any compact set C C Y
there are only finitely many indexes ¢ with the property that C' N supp(o;) # 0
and a; # 0.

From now on we will reserve the notation Hy for the k-th BM homology group.

We give a description of some properties of BM homology we are going to
exploit in the Ginzburg construction.

i) If Y is an algebraic variety of complex dimension n, possibly non compact,
then we have a well-defined fundamental class [Y] € Hy,(Y). Moreover
every subvariety gives a fundamental class.

23
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If Yi,...,Y, are the n-dimensional irreducible components of Y then the
fundamental classes [Y1],...,[Yx] form a basis for the vector space Ha,(Y),
also denoted with H,,,(Y").

ii) BM homology is a covariant functor with respect to proper maps, i.e. if
f:X — Yisamaps.t. f~1(C)is compact for any compact set C C Y,
then we may define the pushforward

fs i Ho(X) = Ho(Y)

iii) If f: X =Y is a locally trivial fibre bundle with equidimensional fibre of
dimension d then we can define a pullback morphism

[T Ho(Y) = Hepa(X)

In case of a trivial fibration f : Y x FF — Y this morphism is defined by
the assignment ¢ — ¢ X [F], where [F] stands for the fundamental class of
F and X for Kiinneth isomorphism He(Y) ® He(F') = He(Y x F).

iv) If M is a smooth manifold of real dimension n and Z, Z" are two closed
subsets, each of which is supposed to be a homotopy retract of an open set
in M, we can define a bilinear pairing

n: HZ(Z) X Hj(Z/> — Hl‘_|_j_n(Z N Z/)

3.2 Convolution in Borel-Moore homology

The use of properties listed above permits the construction of a convolution-type
product in the BM homology of a given variety.

We describe it in its most general setting. Later on we will apply the same
machinery to a precise choice of varieties.

3.2.1 Convolution product

Let M7, My, M3 be three smooth manifolds of real dimension, respectively, d1, ds, d3
and let
Z12 © My X Ma, Za3 € Mo x M3

be closed subsets in the sense explained in iv).
We define the set-theoretic composition Z19 0 Zs3 as

{(ml,mg) c M1 X M3 | ng S M2 S.t. (ml,mz) c 212, (mz,mg) € 223}

This can be viewed as a generalization of composition of functions as one sees in
case both Z15 and Zs3 are graphs of functions.
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Now denote with p;; the projection My x M x M3z — M; x M; and assume
that the map
P13 : Pro (Z12) N pyg (Zag) — My x M;

is proper. In particular this implies that its image
p13(p13 (Z12) NPy (Z23)) = p1s((Z1z x Ms) N (My x Zag)) = Z13 0 Zag

is a closed subset in M7 x Ms.

We are now able to define a bilinear map

Hi(Z12) x Hj(Z33) — Hiyj—a,(Z12 0 Za3) (3.1)

(012,023) = C12 * C23

in the following way.
First we consider the pullbacks

Hi(Z12) — Hitay(Z12 x M3)  Hj(Z23) — Hjya, (M1 X Za3)
C12 — C12 X [Mg] C23 — [Ml] X Co3

and then we perform the intersection pairing
Hitay(Z12 x M3) x Hjiq,(Zog x My) — Hipj—q,((Z12 x M3) N (M7 X Za3))
Finally we compose with the pushforward
(P13)s 1 Hitj—a,((Z12 x M3) 0 (M1 X Z33)) —  Hiyj—a,(Z12 0 Zo3)

which is well-defined under the assumption on the map pis.
Hence explictly we have

c12 * c23 := (p13)« ((c12 B [M3]) N ([M1] K ca3))

The convolution just introduced is associative.

Proposition 3.2.1. Consider four manifolds M;, withi = 1,..., 4 and three closed
subsets Z; 41 C M; x My, withi=1,...,3. Let pgj’t (later simply pi;) be the
projection M, x Mg x My — M; x M; and suppose we can define for such maps the
pushforwards as in the general construction. Then the following equation holds:

(012 * 623) *C34 = C12 * (023 * 634)

for ci2 € He(Z12), 23 € He(Z23), 34 € Ho(Z34).
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Proof. By definition we have (c12 * c23) * ¢34 =

(p13)«((c12 B [M3]) 0 ([M1] W eo3)) B [My]) N0 ([M] X 034))
c1o X [Mg X M4]) N ([Ml] X cog X [M4]) N ([Ml X MQ] X 034))
p14)x( (c12 X [My]) 0 ([M1] B (p2a)«((cos X [My]) N ([M2] X 034))))

= 12 % (C23 * c34)

as claimed. O

3.2.2 Convolution product for varieties and their conormal bundles

We now describe a relationship between the convolution product for varieties
and the convolution product for their conormal bundles, which will reveal to be
worthy for the following sections.

So let My, Ms, M3 be three complex manifolds, Z19 € My X Mo, Zs3 C Mo x Mg
complex submanifolds and Z13 their set-theoretic composition Z190Z23. Moreover
denote with Y;; the conormal bundle T}ij (M; x Mj) and, with abuse of notation,
with p;; both the projection My x My x M3 — M; x M; and the one T™*(M; x
My x Mg) — T*(MZ‘ X Mj).

The results are collected in the following theorem.

Theorem 3.2.2. Assume that Z1o and Zsg satisfy two conditions:
a) the intersection of pry (Z12) and pyy (Zaz) is transverse;

b) the map p13 : pl_Ql(Z12> ﬂp2_31(Z23) — Z13 is a smooth locally trivial fibration
with compact fibre L.

Then the following holds:
i) we have the set-theoretic equality Y12 o Yog = Yi3;

i1) the map p13 :pf21(Y12) ﬁp§31 (Ya3) — Y13 is a smooth locally trivial fibration
with fibre L;

i11) in He(Y13) we have the identity: [Yia] * [Yag] = x(L)[Yi13], where x(L) is
the Euler characteristic of L.

Proof. [CG], 2.7.26. O
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3.2.3 The convolution algebra

We consider the special case in which M, = My = M3 = M.

Let N be a variety and 7 : M — N be a proper map.

Put Z19 =293 =27 := {(ml,mg) eMxM | 7T(m1) = W(mg)}.

It’s straightforward to verify that Z o Z = Z, hence we have a convolution map

Ho(Z) x Ho(Z) — Ho(Z)

Corollary 3.2.3. The vector space Ho(Z) endowed with the convolution product
is an associative algebra. The unit is given by the fundamental class of Ma =
{(m,m) | me M} C Z.

The homology group of each fibre of the proper map w : M — N has a natural
structure of He(Z)-module.
Indeed choose z € N and set M® := 7~ !(z). We can apply the convolution
construction for My = My = M and M3 = {pt}. Now let Z13 = Z and Zo3 =
M? x {pt}, which can be identified with M®*. We see that Z o M®* = M® and this
turns He(M?™) into a left Ho(Z)-module with the action given by convolution:

Ho(Z) x Ho(M*) —  Hy(M")

(¢, c) = cdi=cxd

If n := dimg M, the subspace H,(Z) is a subalgebra of He(Z) as can be
deduced from the following general observation.

Remark 3.2.4. Let My, Ms, M3 be smooth varieties of real dimensions mq, mg, ms
respectively. Let Zio C Mj x My, Zs3 C My x M3 be closed subsets and let
p = %(ml + mg),q = %(mg + m3),r = %(ml + mg). Then, assuming p,q,r are

integers, we immediately deduce from (3.1) that the convolution induces a map:
Hp(le) X Hq(Zgg) — HT(Zlg o Z23)

The action of the subalgebra H,,(Z) on He(M?) is degree preserving, that is,
we have H,(Z).H;(M*) C Hj(M?) for any j € Z>o.

3.3 Main construction

In this section we apply the convolution construction to flag varieties to provide
in this way a geometrical construction of gl -irreducible modules.

This approach is due to Ginzburg [CG]. He established a link between the uni-
versal enveloping algebra U(sl,,,(C)) and the geometry of flag varieties, but his
construction actually holds for gl,,, as well.
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We begin fixing the notation we will use throughout the section!.
For a fixed integer d > 1 we denote with F(C%) the smooth compact manifold of
m-step partial flags in C?. This space is in general disconnected with connected
components parametrized by m-uples u = (p1, ..., uy) of positive integers s.t.
>, i = d, the connected component correponding to p being

FulC) = {Va=(0=Vo SV € ... C Vs € Viu = C%) | dim(Vi/Vi1) = pui |
Now denote with the symbol N, the variety

{X € End(CY) | X™ = @}
and consider

My = {(X,Va) € Ny x F(CY) | X (Vi) € Vi, for 1< <m}

This variety, with the canonical projection 7 : M,, — F(C%), is a vector bundle
on F(C%) which is isomorphic to the cotangent bundle 7* F(C%).

The decomposition of F(C?) into connected components gives rise to a de-
composition of M,,:
My, = U, M,

where M, := T*(F,(C%)).

The fibres of the projection M,, — MN,, are called m-step Springer fibres
and the fibre above X € ANj,, denoted with F(C%)X, can also be viewed as a
subvariety of F(C?).

Clearly also each of these fibres inherits the decomposition

-F(Cd)X - '—'ufu((cd)X
where F,(CH)X = F,(C?) N F(CHX.
Now define?

Z = {((X,V.),(X’,V,’)) EmeMm]X:X’} C My, x My,

1We will use a different notation from the one of the second chapter to denote flag varieties.
The reason is that we want to label the different connected components of the flag varieties in
a way which stresses their link with the weight spaces of the representation we construct.

2We will implicitly use the convention that under the isomorphism

T*F(C?) x T*F(C*) = T*(F(C?) x F(C?))

the standard symplectic form on the right hand side corresponds to wi — w2 where w1 and wo
are the symplectic forms on the first and second factors of the left hand side respectively.
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Proposition 3.3.1. The variety Z is the union of the conormal bundles to the
GLg-orbits in F(C%) x F(CY). The closures of these conormal bundles are pre-
cisely the irreducible components of Z.

Proof. See Proposition 3.3.4 in [CG]. O

According to the results of previous sections, He(Z) is an associative algebra
and He(F(CHX) is a left Hy(Z)-module for any X € Np,.
We will focus on a certain subalgebra of He(Z) and a submodule of He(F(C%)X).
We will then exhibit a surjective homomorphism of U(gl,,,(C)) onto the former
which will make the latter into an irreducible gl,,,-module. In particular the high-
est weight will be proved to be linked to the Jordan type of the matrix X.

So we introduce the vector space H(Z) defined as the vector subspace of
H,(Z) spanned by the fundamental classes of the irreducible components of Z.
This vector space is actually a subalgebra of He(Z) as follows from remark 3.2.4
using a result proved by Spaltenstein [Sp] which states that all the irreducible
components of Z contained in M, x M, have dimension equal to 3 dim(M,, x M,).
Similarly we define H (F(C%)X) as the submodule of He(F(C%)¥) spanned by the

fundamental classes of the irreducible components of F(C%)X.

Next theorem is the fundamental tool to give a gl,,-module structure to the
H(Z)-modules just introduced.

Theorem 3.3.2. There is a natural surjective algebra homomorphism
Ulgl,,) — H(Z)

Description of the homomorphism. We assign the images of the Chevalley gen-
erators and the elements of the Cartan subalgebra of gl,,. These elements are
known to generate the whole Lie algebra gl,,,. All that is needed then is to verify
the surjectivity and whether the assignment is consistent; but for this we refer to
[CG].

First for each partition p, whenever u + «;, respectively u — «; (the a;’s are as
in Chapter 1), is a partition as well, we define the subsets

V:=V!forj+#1
— / d d J j )
Z/H-ai,,u . {(V.,‘/.) 6 ‘Fll-i-ai((c ) X FM((C ) | ‘/Z 2 VZ,dlm(V@/VZ/) — 1 }
V;=V!/forj#i
— / d d J J 9
Zufai,,u . {(V.,V'.) G ]:Mfai((c ) X ‘FM((C ) | ‘/Z g ‘/z/adlm(‘/zl/‘/z) — 1 }
fori=1,...,m—1.

Note that each Z,,14,, is a GLg-orbit in F,1q,(C?) x F,(CY).
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Then we can give the following assignments:

B = 5, (T30, Futar (€ x Fu(Ch)]

Foovo 2, |T5, (Fuma (€ x Fu(€)]

where the summations are taken over subsets of partitions of d with the prescrip-
tions mentioned above. Finally for the elements of the Cartan subalgebra we
define:

Hi = Zu Hi [TZ(}—M(Cd) X ]'-u(cd))]

where A is the diagonal subvariety. O

The previous theorem permits to give each H(F(C%)X), for X € N,,, a gl,,-
module structure.
In this manner we will be able to obtain irreducible representations of the general
linear group. In particular we will study the way the highest weight of a repre-
sentation is linked to the Jordan type of X.

Any d x d-matrix is similar to a Jordan form matrix; in particular for a
nilpotent matrix X € N, we can find in its conjugacy class a matrix with at
most d nilpotent blocks along the diagonal. Furthermore we can suppose that
these blocks are arranged in a weakly decreasing order with respect to their
sizes. So we can establish a bijection between the conjugacy classes of N, and
the weakly decreasing sequences of d positive integers v := (v1,...,14) with the
property that v1 + ...+ vy = d and that v; < m for any ¢, being X" = 0. We
will refer to the sequence relative to a matrix X as its Jordan type.

Now let A = (A1,..., As) be the conjugate of v, i.e. with \; := # {j | v; > i}. We
notice that the condition v; < m for any ¢ forces A\, = 0 for £ > m, hence the
m-uple A = (A1, ..., A\p) can be thought of as an element of P.

Theorem 3.3.3. Let X € N,,, be a matriz of Jordan type v and let \ be the
conjugate of v. Then the vector space H(F(CHX) is the irreducible representation
of gl,,, of heighest weight \.

Proof. What remains to show is that H(F(C%)¥) is irreducible and its highest
weight vector has precisely weight A. We give a proof of the second part, referring
to [CG] for a proof of the first.

It follows from the definition of the action of the H;’s that the weight spaces
for the representation H(F(C?)¥X) are the fundamental classes of the irreducible
components of F(C%)X. In particular the fundamental classes of the irreducible
components inside

Fu(CHX = {V. —(0=VyCViC...C Vi1 C Vi =C% | dim(V;/Vi_1) = m}
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are weight vectors of weight u. Hence we prove our claim simply showing that
FA(CHX =£ 0 and, whenever F,(C?)¥X is non-empty, then A > p.

We start proving that dim(ker X*) = A\; 4 ... + A, for & > 0. We can perform
induction on k. Indeed dim(ker X) = #{j|v; > 1} = A by definition. In
general

dim(ker X*) = dim(ker X*7 1)+ #{j | v; > k}
(A1t Apm1) + A
where in the second passage we used the inductive hypothesis.
This actually proves that Fy(C%)X #£ 0.

Then we want to show that w1 +...+ pur < A1 +...+ A for any k. By definition
we have:

H1+...+u = dim(Vl) + ...+ dim(Vk/kal)

dim (V%)
< dim(ker X*)
< MAF A
Consequently we obtain A — u = kjag + ... + kp—1um—1, with k; = Z}Zl Aj—
Z;:l p; > 0 for any i. O

The theorem provides immediately a method to compute the dimensions of
the weight spaces of irreducible representations.

Corollary 3.3.4. The dimension of the weight space relative to the weight i inside
the irreducible representation of heighest weight A equals the number of irreducible
components of the subvariety fu(Cd)X C F(CHX, for X a nilpotent matriz of
Jordan type v conjugate of \.

Example 3.3.5. We work out part of a first concrete example, namely we want to
apply the Ginzburg construction to the realization of the irreducible representa-
tion of gl of highest weight A = (2,1,0).

The conjugate of A is A itself. This means that we have to study BM homology of
the fibre F(C3)X, where F(C?) is the variety of 3-step flags in C* and X = E5
(recall that the choice of a matrix conjugate to X leads to an isomorphic repre-
sentation).

The connected components of F3(C3)X are the single points:

o Fi21,0)(C** ={0C (e1,e3) € C3 C C?}
o Fioo1)(C)* ={0C (er,e3) C (e1,e3) C C*}

* Fupo(C)F ={0C (1) € C° c €%}
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° ‘/_‘.(1’072)(@3))( = {0 C <61> C <€1> C (C?)}
o Flo12)(CHX ={0C0C (e1) CC?}
* Fo21)(C)X ={0C0C (e1,e3) C C*}

and the component

.7:(171,1)((:3))(: {V.:(Ogvl QV2§C3> ‘ dimV; =1,dim Vs =2 }

XC3CVo, X Vo CV1, XV =0

For a flag V, € .7:(1’171)((C3)X, V1 can be chosen among all lines contained in
ker X, i.e. Vi = (aje; + azes) for (a1,az) € C? \ {(0,0)}. Moreover we have
Vo O X.C3 = (e1), hence Vo = (e1,v) with v = vie; + voeg + v3eg s.t. X.Va C
<a161 + a363>.

This last condition implies X.v = vge; = y(aje1 + ases) for some v € C. Now we
have two possibilities:

i) Vo = 0, SO V2 = <61,63> ,Vl = <a1€1 + a363>;
ii) a3 =0, so Vo = (e1,v1e1 + voeg + vzes) , Vi = (e1).

This proves that ]-"(17171)(((33))( has two irreducible components, each of which is
naturally isomorphic to P!(C), glued together at the point Uy := (0 C (e1) C
{e1,e3) C C3). Hence the dimension of the weight space relative to the weight
(1,1,1) in the irreducible representation V' (2, 1, 0) equals 2, whereas dim V' (2, 1,0) =
24+1-6=28.

To show how the procedure works to compute the action of the generators of gls,
we study e.g. the induced map

Eq: Htop(]:(1,1,1)(C3)X) — Htap(f(Q,O,l)(C?’)X)
If we define

Y] = {V. = (0 C (e1) C (e1,v1e1 + v2e2 + vzeg) C C3)}?
Y, = {V. = (0 - <a161 + a3€3> - <61,63> - (C3)},

then a basis of Hto,,(}"(m’l)(@:s)x ) is given by the fundamental classes [Y1], [Y2].
Instead, as seen before, .7:(27071)((C3)X is just a single point which we denote with
Ys.

The action on E; on the first basis vector is given by

By ] = [T 00 o Feon(C) x Fuin(€)] 1]

The conormal bundle Tg(z,o,n,(l,l,l)(]:(270’1)(@1) X F(lyl’l)((jd)) can be identified
with the subvariety of Z given by

{(Y. V&), (Y, V])) € Mg o1y X Miiny | (Vo, Vi) € Zoo1y,111) )
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Call p;; the projection from My 1) X M1,11) X {pt} to the product of the i-th
and the j-th factor. Then we have

pl_zl(TZw,l),(l,l,l)(-7:(2,0,1)((C3) X f(l,l,l)((cg))) Npog ({(X, Y1)} x {pt}) =

= {(X,¥3)} x {(X,Us)} x {pt}

consequently Fj.[Y7] = [Y3].
Similarly, for the action on the other basis vector we compute

P1_21(T§(2,0,1)7(1,1,1)(-7:(2,0,1)((C3) X ~7:(1,1,1)<C3))) mp2_31({(X7 Y2)} x {pt}) =

= {(X;¥3)} x {(X, Y2)} x {pt}

Hence Ej. [Ya] = x(Y2) [Y3] = 2-[Y3] and E4, with respect to the bases previously
introduced, is the linear operator (1, 2).

3.3.1 Irreducible gl,-modules

Our goal now is to illustrate the case m = 2. The irreducible gly-modules are
parametrized by couples of integers (A1, A2) with the condition A\; > Aa. By
tensoring with a suitable power of the determinant representation we know that
we can suppose Ay = A > 0 and Ay = 0.

The conjugate of (A,0) is v := (1,...,1) € Z*, hence for the representation with
highest weight A we look at the 2-step flag variety

F(CN° = F(C) == {v. =(0CVC CA)}

This decomposes as
]'-((CA) = UQSNS)\GT;\

where Grﬁ‘ = {Ve:=(0CV CC" | dim(V) = p} is the Grassmannian variety
of p-subspaces inside C*.

Since Grassmannian varieties are irreducible, we can immediately deduce that all
weight spaces in V' (A) are one-dimensional and that dim V(A,0) = A + 1.

Now we proceed computing explicitly the action of the elements Hy, Hy, E :=
Ey, F := I of gly on F(C) trying to recover the formulas for the gl,-action on
the module V().

So now we follow the construction in Theorem 3.3.2.
Simplifying the notation for this low-dimensional case, we introduce the varieties

Z5 = {(Ve, V) € Grp x Gry [V 2V} for 0 < p < X
zZ, = {(V.,V,’)EGrﬁ_ler/’)]VQV’} for 0 <p <A
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Then we define the images of the generators of gly:

H, )\22:0 p [Tx(Gry x Grp)]
Hy, — ZM:O()‘ — 1) [TZ(GT’?‘L X Grft‘)]
E ~ Zz;é [T;I(Grﬁﬂ X Gr;))} ;
F 22:1 [T;: (Gr;}_l X Grﬁ)}

We first compute Hi. [Grﬁ‘] using the procedure explained in Theorem 3.2.2.

In this case we have M, := Gr), My := Gr),, M3 := {pt}. Moreover we consider
the subvarieties A C Gr;} X Grﬁ and Gr;} = Grﬁ x {pt}.

By definition their set-theoretic composition is A o Grﬁ‘ = Grﬁ‘, hence

H;. [Gr,ﬂ = U [TZ(GTﬁ X Grﬁ)} * [Grﬂ
= u-x(L) [Gr,ﬂ
where x(L) is the Euler characteristic of the fibre L of the map
A =AN(Gr), xGry) = Gr,

over a generic point, thus is clearly one.
The computation for Hy proceeds exactly in the same fashion, giving

H,. [Gr,ﬂ =A—p) [G’rﬂ
The action of E on [Grﬁ‘] instead is given by the convolution
[T;I(Grﬁﬂ X Grﬁ)} * {Grﬁ‘]

so we need to apply the same argument used above but now for the case M; :=
Grﬁﬂ, My = Grﬁ‘, M := {pt}. Since Z:[ o Grﬁ = GrﬁH, we infer that

E. [Grﬁ] =x(L) [Grﬁ‘ﬂ}

: . _ A A A
where L' is a generic fibre of the map ZI = Z,7 N (Grj 4 x Gry) — Grj . The
fibre above a generic point V, € Grﬁ‘ 41 is the subvariety

(Vo) e Gl x G|V cv)=p(v)

whose Euler characteristic is x(P*) = u + 1.
Hence we finally obtain

E. [Grﬁ] =(p+1) [Grﬂ
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The action of F' can be computed in a similar way, but now with M; := Grﬁfl, My
= GT;), Ms = {pt}.
The set theoretic composition Z,, o Grﬁ‘ gives Grﬁ_l whereas the fibre of the map
Z, =2Z,N (Grﬁfl X Grﬁ) — Grﬁfl over a generic point V, € Grﬁ,l is the
subvariety

{(v., V) e G x Gri |V C v'} > P(CY/V)

Being x(P**) = A — pu + 1, we conclude that
F. [Grﬂ =A—p+1) [Grﬁ_l}

The formulas deduced are precisely the ones defining the action of gl, on the
standard basis of the irreducible representation V().
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