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Chapter 1

Introduction

Let G be a finite group, let k be a finite field of characteristic p > 0. An
n-dimensional representation of G over k is a group homomorphism

p: G — GL, (k)

In the same way, if A is a complete Noetherian local ring with residue field
k, an n-dimensional representation of G over A is a group homomorphism
G — GL,(A). We say that (A, p) is a lift of p if A is a complete Noetherian
local ring with residue field k and p is a group homomorphism for which the
diagram

GL(A)

p

G2 GL,(k)

commutes. Two lifts p1,p2: G — GL,(A) of p over A are said to be
equivalent if there exists a matrix K in ker(GL,(A) — GL,(k)) for which
K= 151(g9)K = p2(g) for every g in G. An equivalence class of lifts is called
deformation of p. Given a representation of G over k and a complete Noethe-
rian local ring A, we define the set Def(p, A) to be the set of all deformations
of p to A.

For a representation p: G — GLj, (k) the universal deformation ring R, is
a lift (R,, p*) for which the following universal property holds: for any lift
(A, p) of p there exists a unique homomorphism ¢: R* — A such that the
following diagram:

GLn(R)

Sk
G —> GL,(A)

commutes, where the vertical arrow ¢ is the map induced by ¢: R* — A.



Deformation theory was developed by B. Magur, in particular to study
Galois representations, see [11] for a detailed description of Mazur’s work.
It has been a powerful tool in Wiles’s proof of Fermat’s last Theorem.
Mazur found that for an absolutely irreducible representation p, there is a
universal solution to the problem of classifying deformations of p.

He works in the category C of complete Noetherian local W (k)-algebras with
residue field k, where W (k) is the ring of Witt vectors of k. The objects
of C, also called coefficient rings, are endowed with the natural profinite
topology, a base of open ideals being given by the powers of its maximal
ideal m4:

A =lim A/m%
v

whose morphisms are continuous maps A" — A such that the inverse image
of the maximal ideal my4 is the maximal ideal my C A’ and the induced
homomorphism on residue fields is the identity.

Proposition 1. If N is a positive integer, G a finite group and
p:G— GLN(]C)

is absolutely irreducible, there is a “universal coefficient ring” R = R(p)
with residue field k, and a “universal” deformation,

p": G — GLy(R)

of p to R; it is universal in the sense that given any coefficient-ring A with
residue field k, and any deformation

of p to A, there is one and only one homomorphism h: R — A inducing the
identity isomorphism on residue fields for which the composition of the uni-
versal deformation p* with the homomorphism GLy(R) — GLy(A) coming
from h is equal the deformation p. In other terms the functor

D;: C — Set
for which Ds(A) = Def(p, A), is representable by R, i.e.
D/_) = HomW(k)—alg(R7 A)
where W (k) is the ring of Witt vectors of k.

However Lenstra and de Smit proved in [15], following an argument
due to Faltings, that we can skip the hypothesis of absolute irreducibility
if we require the weaker condition Endy g (k") = k for the representation



p: G — GL,,(k), we will state this result later as Theorem 2.1.5.

The aim of this thesis is to study an inverse problem. One can ask what
kind of ring can occur as universal deformation ring. Namely, given a ring R
is it possible to find a group G and a representation whose universal defor-
mation ring is R? We will answer this question for a particular class of rings:
Z/p"Z with p > 3,n > 1, Z,, and Z,][[t]]/(p", p™t) with p > 3,n,m > 1.
One of the most powerful tools to compute the deformation ring of a repre-
sentation

p5: G — GL, (k)

is to compute H'(G, My, xn(k)), where G acts on M, (k) by conjugation,
because an important result of Mazur states:

Theorem 1. The universal deformation ring R; of the representation p is
a quotient of the formal power series ring W (k)[[t1,. .., tq]] whose minimal
number of variables is d = dimy H' (G, Myxn(k)), where W (k) is the ring
of the Witt vectors of k.

In the thesis we will not use cohomological methods but we will only
study the set Def(p, A), in particular we will put more attention for A = k[e]
with €2 = 0. Moreover we will only study representations over the finite field
[F,, for which it is known that W(F,) = Z,.

The thesis is organized as follows. In the first chapter we briefly recall
the basic notions and results pertaining to Deformation Theory, namely we
give the definition of the Zariski tangent space and we state some important
properties that show how it is linked to the set Def(p, kle]). The most
important result, due to Mazur (see [11]), is:

Def(p, k[e]) = Home (R, k[e]) = t, = HY(G, Myxn(F))

where £ is a finite field of characteristic p > 0, p: G — GL, (k) is the residual
representation, 17, is the universal deformation ring, ¢, is the Zariski tangent
space of R, and C is the category of the Noetherian complete local W (k)-
algebras with residue field k, and G acts on M,,«, (k) by conjugation. Then
we study one-dimensional representations of finite groups and we compute
the universal deformation ring for such representations. It turns out that the
universal deformation ring of a representation p: G — F is R, = Z, (G®)],
where G® is the biggest abelian quotient of G that is a p-group.

In the second chapter we give an example of a group and a representation
whose universal deformation ring is F,, (for p > 3), G = GLy(IF},) and p the
identity:

p: G — GL2 (Fp)

Instead for p = 2,3 we find that the universal deformation ring is Z,. In
this chapter we give also an important property, that is:



Proposition 2 (3.1.5). Let p be a prime number,

FX 0
(5 4)
0 Fy
and p: T — GLa(FF,) be the inclusion, then the universal deformation ring
i85 L.

It is clear that p is not irreducible and that Endg ;7)(F2) # Fp, but we
get the existence of the universal deformation ring.
In the third chapter we study the natural 2-dimensional representation

over F,, of the group:
G < tp—1 Z[p"Z )
0 Hp—1

The group G can be viewed as a subgroup of GLy(Z/p"Z), since p,—1 =

{x€Zy: a7t =1} C Z, and so there exists an injective homomorphism

pp—1 — (Z/p"Z)*. We show that the universal deformation ring is Z/p"Z.
In the fourth chapter we show that for the group

G- ( pp-1 L/p"LSL[p"L

0 > = (Z/P"Z & Z/p™ L) % (up—1 X pip-1)
Hp—1

with 1 < m < n and a 2-dimensional representation that we will define in
the following the universal deformation ring is:

(Z/p"Z)[[t]]/(p™t) = Z, [[t))/ (P, p™t)

This ring is not a complete intersection, hence we have an answer to the
question of M. Flach (for a more general example see [3]).

Moreover this is an example that answers in negative way two questions by
T. Chinburg and F. Bleher, see [4] and [5].



Chapter 2

Deformations

2.1 Preliminaries and basic definition

2.1.1 Representation theory

Let k be a field and let G be a finite group. An n-dimensional representation
of G is a k[G]-module V for wich dimgV = n. Similarly, an n-dimensional
representation of G over a ring R is an R[G]-module free of rank n as R-
module.

An homomorphism of representations over the field k£ (resp. over the
ring R) is a k[G]-linear map (resp. an R[G]-linear map), i.e. a morphism
w: V. — W of k-vector space (resp. R-module) such that

V—=w

g g
V—s=W

commutes for every g in G.

A subrepresentation of a representation V' is a k-linear subspace W of V'
which is invariant under the action of G. A nonzero representation V of a
group G is called irreducible if there is no proper nonzero invariant subspace
W of V. A representation over the field k is called absolutely irreducible if
it remains irreducible even after any finite extension of the field.

2.1.2 Deformation theory

Let k be a field of characteristic p > 0 and O be a Noetherian local ring
with residue field k£ and fix the surjective map (O ——= k. We define the
category C to be the full subcategory of O-alg whose object are topological
local O-algebras A that are complete Noetherian local rings with residue
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field k such that the following diagram commutes:

(@) R

L

k— R/mp

and the arrow kK — R/mp is an isomorphism.

The objects of C are endowed with the natural profinite topology, a base
of open ideals being given by the powers of its maximal ideal m4 and since
they are complete it holds the following property:

v

Azliﬂl—
v mA

Let G be a finite group and V' a k[G]-module, of dimension n as vector

space over k. We give the following:

Definition 2.1.1. A lift of V to a ring A in C is a pair (M, ), where M
is an A[G]-module, free of rank n as A-module and ¢: M ®4 k — V is an
isomorphism of k[G]-modules.

Given G and a k[G]-module with an abuse of notation we will refer to
a lift as the first element of the couple. In particular we always get the
following commutative diagram:

AutA(M)
-
G Auty (M @4 k)
7
Autk(V)
where, given f: M ®4 k — M ®4 k, we define ¢(f) to be the map
plofop: VoV

Let (M, ) and (M’ ¢') be two lifts of the k[G]-module V to the ring A ,
we say that they are equivalent if there exists an A[G]-module isomorphism
f: M — M’ such that the diagram:

M®yk M @4k
1%

commutes.
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Definition 2.1.2. A deformation of the representation V to the ring A
is an equivalence class of lifts of V' to A. By Defy (A) we will denote the
set of the deformations of V' over A or by Def(p, A) if we have the group
homomorphism p: G — Autg (V).

For a k[G]-module V, the definition 2.1.2 allows us to define a functor:
Dy : C — Set

that sends a ring A to Defy(A), and if f: A — B is a morphism in C we
define
Dv(f): Der(A) — Der(B)

to be the map that sends the deformation [M, ¢] of V over A to the defor-
mation [B®a ¢ M, py] of V over B, where ¢y is the composition:

k®p(BRasM)2k®s M2V

Let V be an n-dimensional k[G]-module, we have the homomorphism of
groups p: G — Auti (V). We give the following two definitions.

Definition 2.1.3. A ring R = R" in C is said to be the versal deformation
ring for p if there exists a lift (M, ¢) to RY such that:

e for all rings A in C the map

fa: Hom¢(RY,A) —  Defy(A)
« — Dy (a)[M, ]

is surjective;
o if A=kle],e> =0, fa is bijective.

In [10], Proposition 1, Mazur proved that the versal deformation ring
always exists and it is unique, for another proof of the uniqueness see Propo-
sition 2.9 in [13].

Definition 2.1.4. A ring R = R; = R" is said to be the universal defor-
mation ring of the representation V if it is the versal deformation ring and
the map f4 is bijective for every ring A in C.

In other words R" is the universal deformation ring of the representation
V' if the functor Dy is represented by R, i.e. Dy (—) is naturally isomorphic
to Home (R, —).
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Existence of the universal deformation ring

An important result states that the universal deformation ring exists if
the residual representation is absolutely irreducible. In [15] H. Lenstra
and B. de Smit proved the following theorem for a representation p: G —
GL(V), the category C is the one defined above.

Theorem 2.1.5. If Endyq (V) = k then

1. there are a ring R in C and a deformation p* € Def(p, R) such that
for all rings A in C we have a bijection f4: Home(R, A) — Def(p, A);

2. the pair (R, p*) is determined up to unique C-isomorphism by the prop-
erty in (1).

Let us fix a basis of V' so we have an isomorphism V — k™, hence we
can identify GL(V') with GL,(k), and we can speak in terms of matrices.
The existence of the universal deformation ring R* for a representation
p: G — GL, (k) implies also the existence of the universal deformation p*,
we get the following commutative diagram:

GL,(R")
n
G- GL, (k)
The universal representation p* satisfies the following universal property:

for every deformation p: G — GL,,(A) of p to the ring A there is a unique
homomorphism ¢: R* — A such that the diagram:

GL,(RY)

Sk

¢ CL,(4)

commutes, up to conjugation by an element in ker(GLn(R“) — GLn(A)).
The universal deformation ring is uniquely identified by this universal prop-
erty.

Zariski tangent space

In §15 of [11] Mazur describes the set Def(p, A) from a cohomological point
of view. First let us recall the definition of the Zariski (co)tangent space.

Definition 2.1.6. Let R be an element of C. The Zariski cotangent space
of the O-algebra R is
th == mpg/(m% + moR)
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Observe that t}; is naturally endowed with the structure of a vector space
over k = R/mpg. Since R is Noetherian t7, is finite-dimensional and so is its
dual tgp = Homy_y o (15, k).

Proposition 2.1.7. There is a natural isomorphism of k-vector spaces
tr = Homo-aig(R, k[e])

Consider a representation p: G — Autg(V) and let p: G — Autr(M)
be a lift to the ring R.

Proposition 2.1.8. There is a natural isomorphism of R-modules
tr = HY(G,Endgr(M))
In particular if R is the universal deformation ring, we get
Home (Rp, k[e]) = Def(p, kle]) 2 tg, = H'(G,Endy(V)) (2.1)

where G acts on Endg(V) by conjugation. These isomorphisms are the
reason why we will often consider lifts to k[e] to compute the deformation
ring.

For a complete proof of the isomorphisms in (2.1) we refer to [11]. We will
just remark how the maps between them work.

Remark 2.1.9. Let p: G — GL,(k) be an n-dimensional representation of
a finite group G over a field k of positive characteristic p and let R be the
universal deformation ring:

GLu(R)
b
G2 GL, (k)

Let tp = Hom(m/(m?,p), k) be the Zariski tangent space of R and take
1 € tg. We get the following diagram:

m/(m? p) —= R/(m?, p)

| |

k-e kdk-e

Thus we can construct the homomorphism 1#: R — kle].
The map tgp — Def(p, kle]) associates to 1) the deformation given by the
class of % o p*: G — GLy(k[e]).
Since GL,,(kle]) = (1 4 € - Mpxn(k)) ¥ GL,(k), see Proposition 1 in §21 of
[11], we get:

(¥ 0 p")() = (1 + o (-))a (")
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where o: G — M, xn(k) is a 1-cocycle.
The map Def(p, kle]) — H(G, My,xn(k)) is given by the one that associate
to ¥ o p* the class [o].

From now on we will consider the field k = [F, and O = Z,. Hence the
category C is the category whose objects are complete Noetherian local rings
R with R/mp = F,, and the morphisms are Z,-algebra homomorphisms.

2.2 The 1-dimensional case

In this section we study 1-dimensional representations, i.e. a group homo-
morphism p: G — F;, and we will compute the universal deformation ring.
Let start from this:

Ezxample 2.2.1. Let G be a finite group. Let p: G — F; be the trivial
representation, i.e. p(G) = {1}. Let ¢ be a lift to A, ring of C

AX

/]

We know that A = (14+m4) X yp_1, where p,_1 := {a € A: 2P~! = 1} that

by Hensel’s Lemma is isomorphic to F)’. Let K := ker(p(G) — F,). Since

K C 14+my we get that K is a p-group. Moreover p(G) = (p-group) X fip—1.
Now, consider the biggest abelian quotient of G that is a p-group,

a — @z Ly

G
[G.G]
We claim that R, = Z,[G®)].

Take the projection p: G — G®), by the homomorphism theorem %rﬁ >
G®). Being K is a p-group we get G := ker j C ker p (for every lift ),
we get this commutative diagram

w0

[0}

G —2> px

D
G

where $(gker 7) = p(g).
Therefore there exists only one homomorphism Zp[G(p)] — A, defined on
the generators g — ¢(g) such that the following diagram:

Z,[GW)

|

AX

G
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commutes. Hence the ring Z, [G?)] satisfies the universal property and so it
is the universal deformation ring of the trivial representation.

Remark 2.2.2. If G is an abelian p-group we claim that Z,[G] is an object
of C.

Since G is abelian it has the decomposition G = Z/p™7Z x ... x Z/p™Z with
n; < Njy1.

We have the identification Zy[G] = Zplx1,...,x]/(aV" — 1,0 = 1,...,1).
Since Z,[G] has characteristic p we have " 1= (xl —1)P" and we can
do the change of variables x; — 1 = t;. Hence we get the equality

Zo|G) = Zylty, ..., 1) /(" i=1,...,1)

This is a quotient of the formal power series ring Z,[[t1, ..., ,]]. It is local
and it is Noetherian by the Hilbert’s basis theorem.

If G is not a p-group we may have Z,[G] not local. For instance take
Zp[Cs) = Zy[z]/(x* — 1); this is isomorphic to Z[t]/(t?) if p = 2, hence
it is local, and to Z, x Z, if p # 2 hence it is not local.

If G a finite group we will write G() for the biggest quotient of G that
is abelian, i.e. G = G/[G,G].

If we have a representation p: G — F,; we can construct pab) . glab) _,
)y, defining p@)(g) = p(g), such that p&P) o 7 = p, where m: G — G@P)
p@) is well defined because if § = h there exist a,b € G such that h~1g =
[a,b], hence p(g) = p(hla,b]) = p(h)p(la,b]) = p(h).

Proposition 2.2.3. Let p: G — F be a representation of the finite group
G then p and p'®) have the same deformation ring, i.e. Ry = R o).

Proof. The universal property of the deformation ring tells us that we have
Homzp—alg(va A) = Def(p, A) and HomZp_alg(Rp(ab),A) =~ Def(p(ab) | A).

Indeed we have Def(p, A) = Def(p(@P), A).
In fact let A be a lift of p = p&) we have the commutative diagram:

17

from which we understand that A is also a lift for p.
Now, we start from a lift of p and we define a map ¢’ such that this diagram
commute:

*>A><

G(ab 4> A><

l/
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where ¢'(g) = ¢(g) and it is well defined.
Therefore Def(p’, A) = Def(p, A), and R, = R j(av) . qg.e.d.

Thanks to this proposition we can restrict ourselves to studying only rep-
resentations of abelian groups. Every finite abelian group can be expressed
as a direct product of its Sylow subgroups. Hence we have two different
cases: G is a p-group and p does not divide the order of G. Let us start
with the first.

Proposition 2.2.4. Let G be an abelian p-group. Then the universal de-
formation ring of a linear representation of G over I, is Zy|G].

Proof. First of all we observe that if p: G — F; is a representation then p
is trivial because for every g € G, p(g)P" = 1 and since F,, does not contain
element of order a power of p we must have p(g) = 1.

Thus we obtain the equality R, = Z,|G] thanks to Example 2.2.1.  g.e.d.

Proposition 2.2.5. Let G be a group whose order is not divisible by p. For
every 1-dimensional representation of G over F), the set Def(p, A) is of order
one.

Proof. As in the Example 2.2.1 if A is a lift, the multiplicative group is
A* = (1+my) X pp—1 and the unique ¢ is ¢(g) = (1, p(g)), since 1 +my4 is
a p-group. g.e.d.

Corollary 2.2.6. Let G be a group whose order is not divisible by p. For
every 1-dimensional representation R, = Zj,.

Proof. We know that Homgz, _q4(R,, A) = Def(p, A), since it has only one
element for every ring A in C, R, is an initial object in the category of
Z,-algebras so it is Z,. g.e.d.

Now we know how to compute the deformation ring for finite abelian
p-group and for finite abelian group with no p torsion part. For every group
G we know that G() = Gp X Gpon—p. At this point we would like to
have a property that links the deformation ring of a product with the two
deformation rings of each representations. If we have the representations of
two groups p1: G1 — IF; and pg: Gg — IF; we can define

p=p1 X p: Gy ><G2—>IE“;
p(91,92) = p1(g1)p2(g2), and it is clear that p is an homomorphism of groups.

Proposition 2.2.7. Let Gy be an abelian p-group and Ga be an abelian
group whose order is not divisible by p. Let p1: G1 — F) and pa: Go — F)
be group homomorphisms. Consider the representation p1 X pa: G1 X Gg —
Fy. Then Ry xp, = Ry, ®7, Ry, .
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Proof. We have the following functorial isomorphisms:

Homz, q14(R1 ® R, A) = Homg, q14(R1, A) x Homgz, 14(R2, A)
~ Def(p1, A) x Def(pa, A)
= Def(p1 X pa2, A)

I

Hompralg (Rpl Xp2> A)

The first isomorphism is a classical property, as the third one. The second
one and the last one are the definition of the universal deformation ring.

q.e.d.
Let G be a finite group and p a 1-dimensional representation. Then p
factors through p(P):
G — Gab) ——= G} X Ghon-p
(ab)
X lp%n—p
Fy

and G(®P) is the biggest abelian quotien of G, so it is product of its p-Sylow
subgroup. In particular we can write G&P) = Gp X Gruon-p and we get the
equality p@P) = Pp X Pron-p- We have proved that R, = R ), hence thanks
to the last proposition R, « Paon-p = Ry, ®z, anon_p. Thanks to Proposition
2.2.4 and Corollary 2.2.6 we get R, = Zp and R,, = Zy[G)).

Therefore R, = Zy|Gp] ®z, Ly = Lp[Gyp).



Chapter 3

The deformation ring of
GLo(Fp)

In this chapter we will compute the deformation ring of the identity repre-
sentation of GLy(IF},). It turns out that if p > 3, the deformation ring is IF,,
while for p = 2,3 the deformation ring is Zj,.

3.1 Casep>3

Theorem 3.1.1. Let p be a prime number greater than 3. The universal
deformation ring of the identity representation GLo(F,) — GLo(F)) is IF,.

Let us start from this.

Proposition 3.1.2. Let p be a prime greater than 3 and p: GLa(F,) —
GLy(Fp) be the identity representation . There is no lift of p to Z/p*Z.

Proof. Suppose that there exists such a lift:
GL2(Z/p*Z)

-

GL2 (Fp) £ GL (Fp)

Then the following short exact sequence splits:
1 —— (Z/pZ)* —— GLy(Z/p*Z) — GLo(Z/pZ) — 1
where ker (GLa(Z/p*Z) — GLa(Fy)) = 1 + Maxo(pZ/p*Z) = (Z/pZ)*.

Let 0 = ( (1) i ) € GL2(Z/pZ), (o) is a lift of o and it has to be of the

11 ap bp\ (1 1 9
(o 1) (@ 2)=(5 1)+mecm@rz

form
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with 0 < a,b,¢,d < p— 1 and clearly M? = 0 in May2(Z/p?*7Z).
Since oP = 1 we should have the same for its lift.

Let us consider M7 = M + ( 01

0 0
[((1) i>+M}p = (1+M)

(p )M2+p(p—1)(p—2)M3

1 6 1

—1
= 1+pM1+pT

(0 p
pM1<0 O)

thus pr = 0, moreover ]\/[12 = 0 mod p that implies Mf = 0, finally we

get:
w+MV:<éf>

Therefore the sequence does not split. g.e.d.

Since p annihilates M

Now we introduce the following two lemmas in order to complete the
computation of the universal deformation ring:

Lemma 3.1.3. A morphism B — A in C is surjective if and only if the
induced map from t to % is surjective.

Proof. see [13] Lemma 1.1. g.e.d.

Lemma 3.1.4. Let p: G — GL, (k) be a representation of G, where k is a
field of characteristic p > 0, and let H be a subgroup of G. If the index of
H in G and p are relatively prime then Rp‘H — R, is surjective.

Proof. Let H be a subgroup of G and let A be the ring M, «,(k). The
groups G and H act on A by conjugation. It is known that the composition:

HY(G, A) "> H'(H, A) =~ HY(G, A)

is the multiplication by the index [G : H] (see chapter VII Prop. 6 in [14]).
By the hypothesis ged([G : H], chark) = 1. So the above map is injective, in
particular also the map res is injective, thus by the isomorphism (2.1) the
associated map between the cotangent space is onto:

mp|H/(m§|H 7p) — mp/(mzap)
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where m, and m,, ~are the maximal ideals of R, and Rle, respectively.
By the universal property of the universal deformation ring of p|,, there ex-
ists a unique map : RP\H — R, such that the following diagram commutes:

GLu(R,, )

|
©

(0™)

H *;CLn(Rp)

The map ¢ induces a morphism ¢* between the Zariski tangent spaces and
we claim that the following diagram commutes:

®

k [%2) t*
 — R
Ry Plu

| |

H' (G, A) === H'(H,A)

where the vertical arrow are the isomorphisms give by (2.1). Therefore by
Lemma 3.1.3, ¢ is surjective.
It remains to prove the claim. The map ¢ gives rise to maps ¢ and ¢; for
which the following diagram:

myr/(m3;, p) — Ry /(m7, p)

@\L l@
m/(m?, p) R/(m?,p)
commutes, where we denote by R and Ry the universal deformation ring

of p and pj,, respectively. By definition of ¢ also the following diagram
commutes:

Ry — Ry /(m,p)
Pk
R R/(m?,p)

and now thanks to Remark 2.1.9 it is easy to see that the claim is true.
In fact, using the notation of the remark, if ¢ is an element of the Zariski
tangent space of R, i.e. ¢: m/(m? p) — k then ¢*(¢) = @; o9 and the
image of this map in Def(p),,, k[e]) is

Wop)olp,) = vropo(p,)"
= ¢io(p"),

and this deformation is sent to [0}, ] € H'(H, Max2(k)), that is the image
of [o] € HY(G, Maxa(k)) via res. g.e.d.
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Consider these subgroups of GLa(IF,):

r={(3 O =e={( 1)) sone

we will show that R'D|T = Zp, R”\B = TF,.

Proposition 3.1.5. For every prime number p, the universal deformation
ring of the the natural representation T — GLo(F)) is Zy.

Proof. The group T acts diagonally on IE‘]% so we have the decomposition in
X1

cigenspaces: F2 = V(x1) @V (x2), each of dimension 1, where T — M1

are two characters.
Let A be a ring of C and W be a free A-module of rank 2 with a group
homomorphism 7" — GL4 (W) that lifts the representation:

GLA(W)

-

T——> GL2(F1))

by definition of lift, W ®4 Fp =g (g IF?,.
Now, take M a Z,[T]-module. Since

ZP[T] = H Zp

X€ETY

where TV = Homgyp (T, pp—1) is the set of all characters of T', we get the
decomposition of the module in direct sum:

M = @xeTVM(X)
Also W decomposes in the same way:
W = @yervW(x) = W(x1) ® W(xa)

because ‘
dlmW(X) _ { 1 if x = x1 or x2

0 otherwise
Thus there is only one deformation of the representation 7" — GLa(IF,) to
the ring A, for every ring A in C. Therefore the universal deformation ring
is Zy. g.e.d.

Although neither the representation 7' — GLg(F,) is absolutely irre-
ducible nor it holds that Endg, 71(V) = F;, we have found that it has the
universal deformation ring Z,.
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Remark 3.1.6. The previous proposition implies that HomZp—alg(RmT JA) is

trivial for every lift A of p),.. In particular from the isomorphisms (2.1)
Def(p|,., Fple]) and H' (T, M2x2(F,)) are sets of one element.

Since [GL2(F,) : B] = p+ 1 we can apply Lemma 3.1.4. Let us study
the deformation ring of the subgroup B < GLy(F)).

Proposition 3.1.7. If p is a prime greater than 3, the universal deformation
ring of the natural representation p: B — GLo(F)) is F).

Proof. Take o0 = ( L1 ) and let C' be the group generated by 0. We have

0 1
that C is a normal subgroup in B. The group 1" acts on it by conjugation,
letteT,oc%eC:

v (B0 1 a t1 0 *1: 1 atity!
0 t 01 0 to 0o 1

For any h € Z such that h = Xlxgl(t) mod p we get tat~! = o". Thus
C = C(x1x5 ") and C is a Fp[T]-module of dimension 1 over F,,.

Let A be a ring in the category C and take an homomorphism B — GLy(A)
that lifts the representation p. We can consider the representation 7" —
GL4(End(A?)), this is semisimple and

My2(A) =End(A*) = A0 ADAG A

where the first two characters are 1 and last two are x1x5 L Xl_l X2, i.e.:

(2 0) 7= Cavame 5"

where ¢: F — A* is the composition of the Teichmuller lift F; — Zj
and the natural map Z, — A. Let W a free A-module of rank 2 together
with a group homomorphism p: B — GL4 (W) that is a lift of p, p(o) = 5.
For any h € Z congruent to x1x5 " (t) modulo p we have tot ' = lexgl(t),
for every t. Thus for all n € Z congruent to x1x5 1(t) modulo p we have
AR = om.

If p > 3 we can take t,t' € T such that x1x5 ' (t) = —1 and x1x5 ' (t') = 2
mod p. For ¢t we get:

ﬁ(t)&mt)l—ﬁ(t)(i Z)ﬁwl - (i Z)l
(o0 = (e)
<&2_f)cc (52_?cb> B <é (1)>
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Since b € 1 + m4 we get the following system:

a?—bc = 1
a = d
For t':
2
~r ) a b ~rN—1 . a b
sy (&)t = (0]
a 2b B a?+bc (a+db
271lc 4 N (a+d)ec d?+be

where 2 is the image via ¢ of x1x5 ' (#) = 2.
Hence since b € 1 + my4 we get the following:

a’?+bec = a
at+d = . 2
(a+dec = 27

From the last two equations we get (2 —271)c = 0in A, and since p > 3 we
get ¢ = 0, finally we have:

Therefore & is:

1 b

0 1
Moreover ¢ raised to the power p has to be 1 so pb = 0, that means p =0
in A.

All choices of b give equivalent lifts in the sense that we can find a matrix
K in ker(GL2(A) — GL2(IF,)) for which:

1 b 1 1 v
(o 7)=(o 1)
1+zx

_ Y : _
WhereK—< 0 1+Z),W1th($+1)b—b(l+z).

Thus the set Def(p, A) has at most 1 element. Hence the universal deforma-
tion ring of p is a quotient of Z,. In the proof of the Proposition 3.1.2 we
saw that there is no lift of o to Z/p*Z, therefore the universal deformation
ring of p is R, = TF,,. g.e.d.

Proof of Theorem 3.1.1. Thanks to Lemma 3.1.4 there exists a surjective
homomorphism

R, — =R,

therefore R, = IF). q.e.d.
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3.2 Other cases

We want to show that the universal deformation ring of the identity repre-
sentation p: GLa(F,) — GL2(F,) is R, = Z;, when p =2 or p = 3.

3.2.1 p=2

Let A be an object of the category C. We know that GLy(F2) = S3. Let us
consider the group ring A[S3]; this is isomorphic to A[S3/A3] x Maxa(A).
Let M be an A[Ss3]-module free of rank 2 over A, then M = M; @ Ms, where
M; is an A[S3/As]-module and My is an Mayo(A)-module. Since M is an
A-module free of rank 2 we have that My, My are free modules of rank:

o rank My = 2, rank My = 0;
e rank M; = 1, rank My = 1;
e rank My = 0, rank My = 2;

In the first two cases the commutator subgroup As = [Ss3, 53], which is a
cyclic group of order three, acts trivially on M; so we can only have the
third one. Hence if M is an A[S3]-module then M is a May2(A)-module free
of rank 2 over A.

It is known that given a ring A we construct the ring of n x n matrices on A
and they are Morita equivalent, in the sense of Definition 2.2.2 of [2], so by
Proposition 2.2.5 of [2] we have an equivalence of abelian categories between
A-Mod and Mod-M,,,(A).

Hence in our case we get that the Mayo(A)-module M is the standard mod-
ule A2, Therefore for every A there is only 1 deformation, i.e. Def(p, A) has
one element, and so the universal deformation ring is Z,.

3.2.2 p=3

Proposition 3.2.1. For the representation p: GLa(F3) — GL2(F3), the set
Def(p,F3le]) has one element.

Proof. Let ¢ be a lift of p to Fsle]:

GLy(F3le])

|

GLy(F3) —2 > GLy(Fs)

11
Let us call 0 = ( 0 1 >,then

_ (10 ae 1+ be
S0(0)_1_‘—]\/[_<0 1>+<ce de >
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Since 03 =1 we get (1 + M)? =1+ M3 = 1 which implies ¢ = 0, because

3 (0 ce
w07

Now, let t € T, with T the subgroup of GL2(F3) consisting of diagonal
matrices. Since tot~! = ¢! with | € Z congruent to Xlxgl(t) mod p, we
have that for every h € Z that are congruent to x1x5 1(t) modulo p:

t(1+ M)t~ =1+ M)"

We can take t € T for which y1x;'(t) = 2 mod p, then t(1 + M)t~ =
(14 M)? that is:

<1—|—ae 2(1—{—66)) _ <1+ae 1+be>2

0 14 de 0 1+ de
B 1+2ae 2+ (2b+a+d)e
N 0 1+ 2de

hence a = d = 0 and:

o= ")

If b # 0 then the lift ¢ is equivalent to the lift p: GL(F3) — GL(F3[e]) for

which b = 0:
(1 1) (11
PLo1)7 Vo1

in fact we can consider the matrix:

= (VR0 ) € 1 Maa(Buld) = ker(GLa(Fald) — GLaEa)

such that y — x = b and it holds:
1 14 be 1 11
(o )= (o)
t1 0 1
(5 n ) = (6

Therefore there is only one deformation to Fsle]. g.e.d.

Thanks the isomorphisms (2.1) the universal deformation ring is a quo-
tient of Zgz. In order to show that it is in fact Z3 we will construct a lift to
Zs.
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Explicit construction of a lift to Z3 of p

First let observe that the “dihedral group” Dg = (¢) x (o), with ¢& = 1,
02 =1, 0Co = (", contains the quaternion group Q. In fact Q is isomorphic
to

{17 _17 C27 <67 CU7 C3O.7 <50-7 C’?U}

under the identification i — (2, j — (30, k — (0.
Let ¢ be an 8-th root of unity and consider the quadratic extension
Zg = Z3[¢] with ¢ = (1—4)r, where r € Z3, 7> = —1 and r =1 mod 3. The
Frobenius automorphism ¢ acts on Zg and it sends ¢ — (3, so let us take
the twisted group algebra Zg[o]. In fact we have that Zg[o| = Endz,(Z9),
because Zg = Z3 @ Zs - (. Thus we can view ((, o) as a subgroup of Zg[o]*
and we get a lift of some representation of the dihedral group Dg over F3 to
Zg:
((,0) = Dg — GLa(Z3)

.

GLy(F3)

We claim that there is an element p = a4 bo € Zg[o]* of order 3, such that
S3 = (o, p) and such that p acts by conjugation on the quaternion group:

pri—j— ki (3.1)

for which (o, p, 1, j) = Q x S3 C Zg[o]*. In order to construct p it is enough
to consider the following system:

PPHp+l =0

opoc = p?
pip* = (o
We find p = —("r — rio. Hence we get the following diagram, where we
write GLQ(Zg) = ZQ[U]X,GLQ(F?,) = F3[O’]X:
GL2(Z3)

|

Q X S3 = <Ja pa’L:]> HGLQ(F:%)

where in Q x S35 the action of p on @ is given by (3.1), while o acts by
conjugation as:
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The images of the generators in GLo(Z3) are:

— 10 — 2 ’
g o -1 )2
P 0 -1 N

1 0 »J ro—r

and in GLa(Z3):
g 0 _1 ’p
N 0 -1 . 1
! 1 0 )/ ~1
The images of @ and S3 in GLy(F3) are:
~ 0 2 1 1 2 1
@ {il’i(l 0)’i(1 2>’i<1 1>}
5 1 0 1 1 1 2 1 1 1 2
53 {1’<0—1>’<0 1>’<0 1)’(0 2)’(0 2)}

The fact th§t~c~2 N S3 = {1} implies |QSs3| = |Q||S3] = |GLa(F3)| thus
GL2(]F3) = QSg and:

[Nl
|
<
+
vl

— =
N~

e T s R Y

GLQ(]F3) = Q A 53 = Q X 53
Thus we get a lift of GLy(F3) — GL2(F3) to Zs:

GL2(Zs)

-

GLy(F3) > GLo(F3)

hence the universal deformation ring of p is Zs.



Chapter 4

Example of groups whose
deformation rings are Z/p"Z

4.1 Introduction

Let define p,—1 = {z € Z, : 2’71 = 1}, the set of the (p — 1)-th roots of
unity of Zj, that is isomorphic to IF;. Let n > 1. Since pp—1 C Z; we have
the following maps:

fp1 ——= T

)
(Z/p" 7)™

where the map pp,—1 — (Z/p"Z)* is injective, hence the group

G < pp-1 Z/p"Z )
0 Hp—1

can be viewed as a subgroup of GLa(Z/p"Z).
We have a natural 2-dimensional represention over IF,:

p: G — GLo(Z/p"Z) — GLo(F))

where the first arrow is the inclusio and the second one is the natural pro-
jection of all the entries of the matrix.
For this representation we have the following property:

Proposition 4.1.1. Let p be prime greater than 3. For the representation
p defined above we have Endg(p) = Endp, g (IFI%) =F,.

Proof. Let ¢: IF% — FZQ) be an F,[G]-linear map. The image of the basis
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vectors of IE‘IZJ via ¢ are:

Since ¢ is G-linear we have:
( 11 1 ) (11 a
“Wo1)\o ~ o1 )b
( 1 1 0 ) 1 1 c
Wo 1)1 0 1)\d
from which we deduce a = d and b = 0. Acting with a diagonal matrix we

get: ¢(<3(t)><§’))—<3(t))<2>

and ¢ = 0. Thus we conclude that ¢ is the multiplication by a nonzero
element of IF,,. g.e.d.

Thanks to Theorem 2.1.5, we get that the universal deformation ring
exists.

Theorem 4.1.2. Let p be a prime greater than 3. Then the universal de-
formation ring of the representation p is 7/p™Z.

4.2 Proof of Theorem 4.1.2

Proposition 4.2.1. Let p be a prime greater than 3. Then for the group G
and the representation p defined above Def(p, Fple]) has one element.

Proof. Let ¢ be a lift of p to A =Fple]:

GL2(A)

S
G — GLa(Fp)

Let T be the torus, subgroup of GLy(F,). The group T, acts on A? by
the characters x1, x2 and under the action of T' we have the decomposition
A= A1 ® Ay, with both Ay, Ay free of rank 1 over A.

Let us call L € GLy(A) the image via ¢ of:

1 1
U:(O 1>€G
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First we should show that in fact there exists a lift of o, i.e. that LP = 1.
Since L = ¢ mod € we can write:

I_ 14+ae 14+ be
o ce 1+ de

Thus:

10 ae 1+ be \P
lp_ = (1 7‘1 p_] 7\1]7
[< 01 ) < ce de >} ( )

Since M2 € ¢ - Msyo(Fp,) we get M* =0, and since p > 3 we have LP = 1.
Now, consider t € T. If h € Z such that h = Xlxgl(t) mod p we get:

(1YY
0 1 “\o 1

so the same we must have for L in GLa(A)

-1
t1 0 t 0 __ rh
<0 t2>L<O t2> =L
We can take t € T for which Xlxgl(t) =2 mod p, so tLt~' = L? is:

14+ae 2(1+be) \ [ 1+2a+c)e 24 (a+2b+d)e
27lce 1+de ) 2ce 1+ (c+2d)e

so we get the following system:

a+c = 0
a+d = 0
d+c = 0
27l = 2¢

thus a = c=d =0 and:

(1 1+be
=5 ")

Observe that if b # 0 the lift ¢: GLa(F),) — GL2(Fp[€]) is equivalent to the

lift p:
(1 1\ (11
PLo1) o1

in fact p(g) = Kp(g)K ! for every g € GLo(F,) for

K = ( 1 ‘B%G . —Eye ) [= ker(GLQ(Fp[g]) N GLQ(FP))

with y — x = 0.
Therefore there is only one deformation to the ring [F)[e]. q.e.d.
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In particular thanks to the isomorphisms (2.1) H(G, M(F,)) is trivial
and Homgz, _q14(R,, Fple]) is a set of one element. Therefore the universal
deformation ring is a quotient of Z,,.

Proposition 4.2.2. There is no lift to Z/p" ' Z.

Proof. Suppose that we can lift p to Z/p"t'Z. Let us call & the lift of
o. Since we can consider the standard lift to Z/p™Z, and this is the only
deformation over Z/p"Z we can write ¢ in the following form:

_ <1+a 1+b
o

_ n—+1
L) e e

where a, b, c,d are in p"Z/p"*17Z. Let us compute the p"-th power of &:

&p":K(l) ?)Jr(z 1§b>}pn = (1+M)P"

Vel Vel
—1
:1+ﬁM+£gTJM2
n(pt — 1) (p" — 2
A g@ ) a3

since all the entries of M? are divisible by p" we get M* = 0 and pM? = 0.
Finally we have 67" = 14+p™M # 1, hence there is no lift to Z/p" 1 Z. g.e.d.

Proof of Theorem 4.1.2. By Proposition 4.2.1 the universal deformation ring
is a quotient of Z,, by Proposition 4.2.2 we cannot lift p further than Z/p"Z.
Therefore the universal deformation ring is Z/p"Z and the universal defor-
mation is the natural homomorphism:

pu: G = ( Mpo—l Zu/flz ) _ GLQ(Z/an)

q.e.d.
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Main result

5.1 Introduction

pp—1 Z/p"ZSL[p"L >

Let p be a prime number. Take the group G = ( 0 i
p—1

1 < m < n and the representation:

p: G — GLo(Fp)
(54) = (75)

Remark 5.1.1. It is known that Z; = 1,1 x (1+mgz,), so we have a natural
projection m: Zy — pp—1, let x1, x2: Zy X Z; — pp—1 defined as x; = mom;
and 7; is the projection on the ¢-th component.

Let M be a Z,-module. Let us consider the group Gy = M X (ftp—1 X fip—1),
where the action is defined as X1X2_1, ie. if t = (t1,t2) € pp—1 X pp—1 and
m € M then tmt™! = Xlxgl(t)m. It is easy to see that the group Gjs can
be viewed as the matrix group:

GMZ(MP_1 M )
0 Hp—1

Thus in our case M = Z/p"7Z & Z/p™Z and the group G, is

(Z[p"Z®ZL[p" L) * (pp-1 X fptp-1)

Also in this case Proposition 4.1.1 holds and the universal deformation
ring exists.

Theorem 5.1.2. Let p be a prime greater than 3. Then the universal de-
formation ring of the representation p is Zy[[t]]/(p", p™t).

Thanks to the homomorphism Z/p"Z — Z/p"Z & 7Z/p™Z for which
a — (a,0), the group studied in the previous chapter is a subgroup of G
that we will denote as Gy, thus p) & is the representations studied before.
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5.2 Proof of Theorem 5.1.2

First, let us show that there is more than one deformation to the ring k[e].
Proposition 5.2.1. The set Def(p, Fple]) has more than one element.

Proof. 1t is enough to show that we can find at least two different deforma-
tion: we can take p1, po defined as follows:

o G (a,b) _ ¢1 a modp
0 G 0 G
< ¢ (a,b) > B < (1 a mod p+ be >
Lo G 0 G
of course mo p; = mo py = p, where 7: Fple] — F), is the natural projection.

Hence they are elements of Def(p, F)[e]) and of course they are not the same
because the images in GLa(IF,[€]) of

(0 4")

are not conjugate, in fact ¢’ acts trivially via p; while it does not via ps.
q.e.d.

Theorem 5.2.2. The ring Zy[[t]]/(p", p™t) is the versal deformation ring
of the representation p defined above.

Proof. Let us call

(1) ()

Let p be a lift of p to a ring A in the category C:
GL2(A)
S
P
G — GLa(FF,)

Since we know that the universal deformation ring of Gy is Z/p"7Z we get
that p™ has to annihilate A, and that the image of o via p, after suitable

choice of basis, is:
1 1
0 1

In G, the elements o and ¢’ commute so the same must hold for their images
via p. The computation given in the proof of Proposition 4.1.1 shows the
image of ¢’ to be of the form:

o= (5 )
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with a € 1 + m4 and t € my. We also know that [p(o’)]P" = 1.
It is easy to show that a must be 1. In fact, let us consider

_( #p1 0
seTl = < GLo(F
< 0 pp1 ) < GLa(F)
and let us call

s = (5 0 ) e ot

As usual the torus acts by conjugation and p respects its action, thus:

(o )6y = (e

For every h € Z such that h = x1x5 '(s) mod p™ we have p(so’s™!) =
p(c™) = p(o)* that is:

a t\"

0 a

a

(g X1><2al(5)t> _ (
- <0h ;h)

We find a" = @ and taking s € T for which h = —1 we get a®> — 1 = 0, since
a + 1 is invertible we get a = 1.
Therefore the only possibilities for the image of o’ is

Gy

where ¢ lies in the maximal ideal m4 and p™t = 0 since p(o’)?" = 1.
We define the lift p: G — GLo(Z,[[T]]/(p", p™T)) as:

- 11
N 1 T
Therefore the map:

pa: Homgz ag(R,A) — Def(p, A)
o= 1fehl
is surjective, where R = Z,[[T]]/(p", p"'T). If A = Fple], then Homgz, -.15(R, A)
is one-dimensional and p? is surjective. Thus, thanks to the previous propo-
sition, Def(p, R) is one-dimensional and p% is an isomorphism.
Thus R is the versal deformation ring of the representation p of G. gq.e.d.

For the representation p we have that Endg(p) = Endp, g (IF]Q)) =F,,
hence by Theorem 2.1.5 the universal deformation ring exists and it is the
versal deformation ring R" = Z,|[[t]]/(p", p™t).
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5.3 Observations

Question by Matthias Flach

First of all let us recall the following;:

Definition 5.3.1. Let O be a complete Noetherian local ring and let A
be a complete Noetherian local O-algebra. Let m defined by the formula
dimA = dimO + m. The O-algebra A is said to be a complete intersection
over Q if it is of the form

O[[tlv s 7tn]]/(f1,- . ~afn7m)

for some integer n and f1,..., fn—m € O[[t1,...,ts].
The following question is due to Matthias Flach.

Question 1. Are there G and p for which R, is Noetherian but not a local
complete intersection?

In this chapter we have shown that the representation p of the group G
has R = Z,[[t]]/(p",p™t) as universal deformation ring. It holds that R is
not complete intersection, to check this we can apply the same argument
used in [3] in the proof of Corollary 2.3.

In [3] Frauke M. Bleher, Ted Chinburg, Bart de Smit give an example of rep-
resentations and groups whose universal deformation rings are not complete
intersection for every characteristic of the field k.

Question by F. M. Bleher, T. Chinburg 1

In [4] the authors pose the following question:

Question 2. Suppose k is a field of characteristic p > 0, G is a finite
group and V is a k[G]-module of finite dimension over k which belongs
to a block B of k[G] having defect group D which has nilpotency r. Sup-
pose further that the stable endomorphism ring Endy (V) of V is one-
dimensional over k, so that R(G,V) is well defined. Is it the case that
dim(R(G,V)) — depth(R(G,V)) <r —17¢

For a short introduction to the concepts of “Block Theory” we refer
to [2] chapter 6, for our pourpose we just need to know that the defect
group is a subgroup of the p-Sylow subgroup of G, see Theorem 6.1.1 in [2].
In our case for the representation defined at the beginning of the chapter
p: G — GL2(F,) we have that the defect group is

DS(é Z/pZ(X{Z/p Z)SG
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in particular D is abelian and so it has nilpotency class r = 1.

For the definition of the depth of a ring see [9], chapter 6. A commutative
Noetherian local ring R has depth zero if and only if there is a nonzero
element z € R such that z annihilates the maximal ideal mg of R.

Let R = Z[[t]]/(p"™,p™t) as in our example. If n = m then R = Z/p"Z|[t]]
and it has non zero depth, while if n > m we find that it has zero depth, in
fact for every element r of R that is not a unit it holds rp”~! = 0. The ring
R has dimension 1 and we get:

dim(R) —depth(R) =1-0=1>0=r—1

Question by F. M. Bleher, T. Chinburg 2

In [5] the authors pose the following question:

Question 3. Let k be an algebraically closed field of positive characteristic
p, define W = W (k) to be the ring of Witt vectors over k. Suppose G
is a finite group and that V is a finitely generated k[G]|-module such that
dimpEndyig (V) < 1. Is R(G, V) a subquotient ring of the group ring W[D]
over W of a defect group D of the block B of k|G] associated to V ¢

Our example is a negative answer to this question, as well. In fact
the group ring W[D] is finitely generated as Z,-module since D is a finite
group, while R = Z,[[t]]/(p", p™t) is not finitely generated, so R can not be
a subquotient of W[D].
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