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Abstract

We study infinite dimensional stochastic evolution equations with Lévy noise and
the shift semigroup on functional spaces with weight. We show that the solution
is a cadlag process. We present an explicit sufficient condition for the existence
of a unique invariant measure. Further, we study growth estimates for the shift
semigroup. The results are applied to Heath-Jarrow-Morton-Musiela models of
interest rates.

1 Introduction

Heath, Jarrow and Morton [7] introduced a flexible model for the term structure of interest
rates assuming that the forward rate process f(t,6):cp,g With maturity time 6 is an Ito
process with finite dimensional Wiener noise. Musiela [10] proposed to define forward
rates in term of the remaining time to maturity *+ = 6 — ¢t and consider forward rate
functions fi(z) = f(t,t + x). This approach leads to the following SPDE on a separable
Hilbert H space of real functions defined on [0, +00):

dfy = (Dfy + (Fzo0)(fy))dt + o(f)dZ(t), (1.1)
fO =,

where n € H, the linear operator Df = f’ generates a strongly continuous semigroup of
shift operators, Z is a U-valued Lévy process, ¢ is a mapping from H into the space of
linear bounded operators from U into H, denoted by L(U, H), and Fy is a mapping from
L(U,H) into H given by

3

Fz(B)(¢) = a%mzexp —/(32(1))(33)01;5 ., BeL(UH)¢>0.
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As appropriate state space for equation (1.1) H has been chosen to be a functional space
with weight function w, for instance a weighted L? space (see [11], [14] and [15]) or
a weighted Sobolev space (see [3], [4], [6], [9], [16] and [17]). Vargiolu [17] proves the
existence of an invariant measure for Heath-Jarrow-Morton-Musiela (HJMM) models with
constant coefficients for an exponential decreasing weight function w(x) = e~**. Sufficient
conditions for the existence of an invariant measure for the HJMM model are given in
Goldys and Musiela [6] for an exponential increasing weight function and in Marinelli [9],
Rusinek [15] or Tehranchi [16] for more general increasing weight functions. In this paper
we consider general, not necessarily increasing, weight functions.

We study general equations with the shift semigroup on functional spaces with weight. We
show that the solution is a cadlag process. We also derive an explicit sufficient condition
for the existence of a unique invariant measure. Similar results on invariant measures for
general evolution equations can be found, amongs others, in Chojnowska-Michalik [1], Da
Prato and Zabczyk [2], van Gaans [5] or Rusinek [13], [15]. We study estimates for the
shift semigroup S(t);>0. We describe the set of (o, K) for which

ISON L.y < K™, 120, (1.2)
We prove that (1.2) holds for v = 2a and K2 > C., if and only if

w(x)er”
C, = supsup ——— < +00

>0 y>z W(Y)er
The sufficient condition for the existence of an invariant measure, where appear both ~
and C, leads to optimizing the function —yC7 L. For logarithmically convex and logarith-
mically concave weight function we present an explicit solution to this problem.
In the cited papers [6], [9], [15], [16] sufficient conditions for the existence of an invariant
measures for HIMM models were formulated for increasing weights w with

n w'(z)
ng w(z)

> 0.

Our general results make it possible to formulate conditions for weights that are not
increasing, as well as for increasing weights w with

in w'(z)
ng w(x)

= 0.

Finally, also for increasing weight functions we present weaker condition ensuring the
existence of an invariant measure.

2 Preliminaries

We will consider processes on a complete probability space (2, F,P). Let Z(t) be a Lévy
process (i.e. a process with independent and stationary increments) taking values in
a separable Hilbert space (U, (-,-);;). We consider the following stochastic equation on
another separable Hilbert space (H, (-, ) ):

dX = (AX + F(X))dt + G(X)dZ (1), (2.1)
X(0) =,



where n € H, the linear operator A - which in general may be unbounded - generates
strongly continuous semigroup S4(t);>¢ of linear operators on H, F' is a mapping from H
into H and G is a mapping from H into L(U, H). We shall assume that m = EZ(1) € U
exists and the covariance operator of Z, which is given by

Qu=E[(2(1) —m)(Z(1) —m,u)y],

exists and is bounded, i.e. [|@Ql| ;) < 400, where we abbreviate L(U,U) to L(U). This
is a less restrictive assumption than square integrability of Z since

VarZ = E||Z(1) -, = TrQ.

If the dimension of U is finite then for every @ € L(U), it holds Tr@ < +oc. We shall
also assume that there exists Ly > 0 and Lg > 0 such that for every z,y € H

1F(x) = FW)lly < Lellz =yl (2.2)
1G(2) = GOl 2w,y < Lelle =yl (2.3)

where the Hilbert-Schmidt norm of a linear operator B : U — H is defined as

+o00
2 2
1Bl 2,y = Z | Besl|fy < +oo,

=1

where {e;}; is an orthonormal basis in U. The solution to (2.1) with initial condition 7
shall be denoted by {X"(¢t) : t > 0}. The following theorem can be found in Rusinek [15]
(see Theorem 6.1).

Theorem 2.1. Suppose m = 0. Let Lp, Lg be given by (2.2), (2.3) respectively. If
ISa®) i) < e,
and
20+ 2Lp + La? ||Ql ) <0,
then there exists a unique measure p* such that for everyn € H,

L(X"(t)) — p*.

3 SPDEs with the shift semigroup

For a positive continuous w : Ry — R, let L? denote the Hilbert space of all functions
f R, — R, such that

/ |f (2)|Pw(z)dz < +o0,



with inner product

(f, g = / f(@)g(@)w()de,

and let W*? denote the Hilbert space of all functions f : R, — R such that f,D'f € L?
for every 1 <[ < k with inner product

k
(f,9)wie = » + ) _(D'f,D'g)
=1

We shall consider equation (2.1) on Sobolev spaces W2 with A = D generating the
semigroup of shift operators S(t);>, i.e.

(S(E)f)(x) = flz+1).
Theorem 3.1. For everyn € WF?2, the solution {X]' : t > 0} to (2.1) on Wk?2 with A =D
15 cadlag.
In the proof of Theorem 3.1 we shall use the following proposition.
Proposition 3.2. The following conditions are equivalent:
w(z)e®™ < K*w(y)e®™, y>z>0, (3.1)

IS e, < Ke, 20, (3.2)

Proof of Proposition 3.2. To avoid technicalities we shall present the proof for £ = 1.
Assume that (3.1) does not hold, so for some b > ¢ > 0, we have
w(b —t) — K**w(b) > 0.
Let g(2) = 1400 (@) (w(z — t) — K?e**w(x)). Since g(b) > 0 and w is continuous, there
exist €,6 > 0 such that g(z) > ¢ on [b, b+ 20]. Let
W) = (2 =) s (x) = (2 = (04 20)) L (psop420 (7).
Then I'(x) = 1pp46)(2) — Lpyspr2s(x). Since b > t, it follows that
+0oo
IS@bI e — K2 [hlge = [ (1) + W @) gl

t
“+oo

> / (@) gla)de > 226 > 0.
t
Hence (3.2) does not hold.
Now assume that (3.1) holds. We have
oo
SO e < [ (56 0F + 17/t + 0F) K2ute -+ 0e*da

0
+oo

— K / (FOF + £ ©)R) w(€)de < K2 || a

t



Proof of Theorem 3.1. Since S is strongly continuous it follows that for some a, K € R
we have (see, for instance, [12])

IS0l yiey < Ke.

w

Let

W(z) = e sup [w(£)e*™]. (3.3)
£e(0,2]

Then clearly

hence by Proposition 3.2, we get

IS prizy < e (3.4)

The Kotelenez theorem [8] ensures that under assumption (3.4) solution to (2.1) on W£’2

is cadlag. The proof is finished once we show that norms |||, xz2, |||« are equivalent.
w

Since [|S()]| pgprzy < Ke, by Proposition 3.2 for every x > 0, we have

sup [w(£)e** ] < K w(x)e*™”.

£el0,a]
And

w(r) = e 2w (z)e*™

< e sup [w(§)e™™],
£€(0,2]

thus

w(z) < w(z) < K*w(r), x>0.
[

For equations on W%? with the shift semigroup analogous result to Theorem 2.1 holds
under less restrictive condition for the semigroup.

Theorem 3.3. Consider equation (2.1) on W2 with A = D. Suppose m = 0. Let Lp,
L¢ be given by (2.2), (2.3) respectively. If

SOl sy < e (35
and
20+ 2K Lp + K*La* |Q] oy < 0, (3.6)
then there exists a unique measure u* such that for every n € W2,

L(X"(t)) — p.



Proof of Theorem 3.3. Let w : R, — R, be defined by (3.3). Easy computation shows
that

1E(x) = F)llyre < KLp [l = yllyee,
1G(2) = Gl 2 rizy < KLa |2 = yllyno

Therefore condition (3.6) implies existence of a stationary distribution on space W£’2 from
Theorem 2.1. [

Note that by Proposition 3.2 thesis of Theorem 3.3 holds if for some v € R

2Lp + La* |Q|l Loy < ;—j,
where for every v € R, we define C, as
€, = supa SN
Let
B, = sup . (37)

v€R Cv

The following result presents an explicit formula for 3, in two important cases when
function (Inw)’ is monotonic. The proof if left to Section 5.

Theorem 3.4. If Inw is a convex function and w(+00) = 400, then

-1
w(xy,)e
6111 = ( ) >
w(0)x,
where x,, 1s the solution to
w'(z)

If Inw s a concave function, then

w'(z)

o = i )
b e w(z)
Remark 3.5. If w(x) = e, o > 0, then both formulas correspond, since x,, = a™'.

Example 3.6. Let w(z) = e . We have 2x,, = i for x, = ==. Thus

ﬁw:eé\/ﬁz\/?‘
e €

Example 3.7. Let w(z) = 2*. We have 1 +Inx,, = ﬁ for x, = 1. Thus

S

1
ﬁw:_‘
(§



4 Growth estimates for the shift semigroup
In this section we shall investigate set ', defined as

I'y={yeR:C, <+4o0}.

Note that I',, = {fy eR:3C>1: HS(t)Hi(LQ) < Ce’yt}, thus set I, is not empty if and

only if S is strongly continuous on L?. Indeed, assume that there exists v in T, fix
f € L2 and € > 0. There exists r > 0 and g € L? of class C* such that g(z) = 0 for
every ¢ > r and || f —g|/;2 < e. Since g is uniformly continuous, there exists 0 € [0,1]

such that

vt €0, 9] sup lg(z +t) — g(z)| < e.
x>0

It follows that for ¢ € [0, 9] we have
1S@)f = flls, < N1S@F = S@)gll e +llg = Flls, + 15@E)g — gl

, 1/2

< (VG e e | [ wle)da

0

The same way one can prove that 'y, is not empty if and only if S is strongly continuous

on Wk2,

We are interested in finding estimates and formulas for

v i=infl', ={yeR:C, <+o0}.

Proposition 4.1. Let 6, = liminf TU,((;:)), dp = liminf % We have

_dw S '7* S _gw'

Lemma 4.2. v € Iy, if and only if there exist R, D > 0 such that

hw(z) —nw(y)+~v(xz—-y) <D, Yy>z>R.

Proof of Lemma 4.2. Clearly if C., < +o0, then (4.1) holds with R =0, D =1InC,,.

assume that (4.1) holds, which means that for C' = e > 1

w(zx)er”

sup  sup <C.
y€[R,+0) z€[R,y] w(y)e'\/y

Since

~ vz
C = sup sup w(z)e
yel0.R] zef0.y] W(Y)EY

it is enough to observe that if 0 <z < R <y, then

< 400,

v YT YR _
w(z)e™  w(r)e’® w(R)e <Cc

w(y)ew  wR)eR  w(y)ew

(4.1)

Now



Proof of Proposition 4.1. For every v > —é, there exists R > 0 such that V&€ > R, we
have ¢'(§) + 7 > 0, where ¢(§) = Inw(§). Thus for every y > x > R

Y

o(z) — 3(y) + (@ —y) = — / (¢/(6) +7)de < 0.

xT

Now assume that v € I',,. Then
w(O)C’;le’W <w(y), y=>0.

Therefore

¢(0) —InC, _a< M

— )

Y Y
SO

]

Example 4.3. Let w(z) = exp {sin(2?)}, & = 2mn + 7. We have (Inw)'(&,) = —2&,,
50 0 = —00. The set Ty, is not empty: (4.1) holds for every positive v and D = 2, since
Inw(x) € [-1,1].

Example 4.4. Let w(x) = exp{zcosz}, y, = 2mn + 5, x, = 27n. Clearly dy=—1. If
[y, # 0, then for some v, we have

Inw(z,) —Inw(y,) < ”yg +1InC,,.

But Inw(x,) — Inw(y,) = 2wn, so it must be that T, = 0.

Proposition 4.1 and Examples 4.3, 4.4 show that &, > —oo is a sufficient but not a
necessary condition for S to be strongly continuous and d,, > —oc is necessary but not
sufficient.

()

Since the existence of lim ¢'(x) implies existence of lim £= = lim ¢'(x) as a conse-
r—+00 rz—+oo T r——+00

quence of Lemma 4.1 we get the following result.

Lemma 4.5. If the limit lim 2@ = §, exists, then v* = J,,.

xr——+00 w(:v)

5 Explicit formulas for C,

Let ,
a,, = inf v (x)
2>0 w(x)

The following estimate can be found in Tehranchi [16]:
1o
SOl s, < e 20,
The next result shows that —a, is also the smallest v for which

1
1Sy, < 7



Lemma 5.1. v € [—ay, +00) if and only if C,, = 1.

Proof of Lemma 5.1. For every v € R, the function @ : R, — R, given by w(x) = w(z)e’™
is nondecreasing if and only if

since

O

If Inw is concave, then «a,, = d,,, [,

= [—0y, +00] and for every v € I, we have C, = 1.
If Inw is convex, then a,, = (Inw)’(0),

ig}g(ln w)'(z) = (Inw)'(+00) = dy.

Therefore (Inw)” : [0, +00) — [@u, 0w), thus the inverse of (Inw)" acts from [av,, d,,) into
[0,+00). The next result gives an explicit formula for C, in case of a logarithmically
convex weight function.

Lemma 5.2. If lnw is a convex function, then for every v € (—dy, —w,), we have

__w(0)
w((=))

where 1) denotes the inverse of (Inw)’.

C’y e~ Y¥(=7)

Y

Example 5.3. Let w(z) = e + e where § > 0. Since

w'(z) e — e %% 00— de 20w

w(x)  edTfedr ] e 2

we have v* = =6, = —d. And

d [w'(z) 462
— - > 0,
dz \w(z) /) (w(x))*
S0 Qyy = g((g)) =0 and Inw is a convex function. For every v > 0, we have C, = 1. To
1

find C, for v € [—0,0), we can apply the above lemma. We have ¢(—v) = In (g%)ﬁ.
Thus

w(w(—fy))ew(’” — (ew(*’Y))(fer’Y) + (ew(fv))(féﬂ)

5 5 /s 5
_ (j) N (j)
0+ o+



With the notation q = 5;—;, we obtain

Hence

Proof of Lemma 5.2. Let G(z,t) = ¢(x) — ¢p(x +t) — ~vt, where ¢ = Inw. Then

InC, = sup G(z,1).

z,t>0
Since

260 = ) 4D <0,

we get

InC, = sup [¢(0) — ¢(t) — 1]

>0

To find the supremum of g, given by

9,(t) = ¢(0) — o(t) — 11,

note that ¢/ is concave and ¢/ (v(—7)) = 0, thus

InC, = ¢(0) — d(Y(—7)) — vb(—)-

Proof of Theorem 8.4. Assume that ¢ = Inw is convex and let

f(y) =In(=y) —InC,.
By Lemma 5.2 we get

e = W) 1) L) — ()

dy dy
= —(—),

thus f'(v) = %Y + (=7). If §, < 0, then Inw and in turn w is bounded from above.
Therefore w(+00) = 400 implies d,, > 0, so x,, is well-defined. Since for —y € [, z,'],
we have f'(y) < 0, for —y € [z}, 0,), we have f'(y) > 0 and f'(—z;') = 0, it follows
that

sup  f(y) = f—z,1).

76[—51117_@111]



Hence

sup exp f(7) = exp f(—w,') =
7E[—bu,—au] —

To finish the proof of the first part it is enough to observe that ¢(x,') = w,, hence by

Lemma 5.2, C_ -1 = %el. To prove the second part it is enough to observe that if
Inw is concave, then d,, = «,, hence I, = [y, +00) and for every v > —a,, we have
C, =1 O

As a corollary to the above proof we get the following result.

Corollary 5.4. Let

fyw:inf{fy: ;_7:510}_ (5.1)
g

If Inw is convexr and w(+00) = +o00, then —y, = x,' and if Inw is concave, then

—Yw = O = 610 - ﬁw-
Remark 5.5. We claim that

_’Y'll) B
Indeed, first note that for f(z) = oo, we have f(z) <0, x>0, and f(0) =0, so
B = sup f(v) = 0.
7<0
Moreover f(—o0) =0, since
_ 1) —
lim T < lim M_x =

T——00 Cx T r——00 U)(O) e~ 7 o

It follows that B, = 0 if and only if f(x) = 0 for every x < 0 and in turn if and only
if Y = —o0. If B, > 0, then 0 > ~,, > —oo. Note that function g(vy) = C, is lower
semi-continuous as a supremum of continuous functions, hence there exists a sequence
7™ =~ such that

_»y(n) _3

O,y(n) w
and
O%) < nl_l)r_iloo C’,y(n)
We conclude that -
Yw . - "
> lim = Buw

CW n—+00 7))

We end this section with a technical result being a generalization of Lemma 5.2. In general,
the function (In w) might be not invertible, so instead of ¢(—+) from Lemma 5.2, we shall
consider the inverse images f~'[Y] for f = (Inw)’ and Y = {—~}.

11



Lemma 5.6. For every v > —§,, we have

w(z)
C., = sup sup ——2eE79), (5.2)
K 2€0y £€[z,+00)NO~ w(g)

where
O,={0}U{z>0: (Inw)(z) =—v}.

Proof of Lemma 5.6. Fix v € I, and let G(z,t) = ¢(x) — ¢(x + t) — vt. Then clearly

InC, = sup G(z,1)

x,t>0

:max{squ(O,t),squ(a:,O), lim sup G(m,t),P}

>0 @>0 (,£)— (++00,+00)
where
P =sup {G(x,t) ; iG(x,t) = iG’(ﬂrj,zﬁ) = O}
dx dt
We have

sup G(0,t) = max {G(0,0),limsup G(0,t),sup {G(0,t) : ¢'(t) = —fy}} :

t>0 t——+o00

Since G(0,t) = ¢(0) — ¢ (@ + fy) and liir}jgof@ + v =dy+7v > 0, we conclude that
G(0,400) = —oo0. Moreover G(z,0) = G(0,0) = 0 for every x > 0, thus

@,t>0 (@)= (+00,+00)

sup G(x,t) = max {Sup {G(0,t): t € Oy}, limsup G(z,1), P} .

Since an easy computation shows that L G(z,t) = £G(z,t) = 0 if and only if

¢'(x) = ¢'(x +1) = =,

the proof is finished once we show that if z — +o00, t — +00, then

¢(z) — ¢(x +1) — vt — —oo.

Since v > —4,, there exists R,e > 0 such that ¢/(¢) +~ > ¢ for every £ > R. It follows
that

o) — Bl +1) — 4t = — / (6(€) + ) de

Lemma 5.7. If ¢ = Inw is bounded, then formula (5.2) holds for every v > ~* = 0.

12



Remark 5.8. If w(z) = w(x)e*®, then ¥* = v* — a and for v > 7*, we have 67 = Cita-

Proof of Lemma 5.7. Tt is clear that d, = 0. Thus v* > 0 from Proposition 4.1. To show
that 0 € I',,, note that

P(x) — d(y) < 235;113 |6(€)| < +o0.

The proof of the formula follows the proof of Lemma 5.6 except for the last step, where
we now prove that tlirg [p(x) — ¢p(x +t) — yt] = —o0 observing that

P(x) — d(x +t) — vt < 2sup (€| — 1.

£§20
O
Example 5.9. For w(z) = ", we have a,, = —1. We claim that for every v € [0,1),
we have
C, = exp {2 (\/1 -2 — ’}/aI'CCOS”)/>} )
Indeed, for every v € [0,1) let z, = arccos(—v) € [%,7). Then
O, ={0} U{xy = 2y + 2km, k € N} U {y, = 2m — 2z, + 2k, k € N}.
Let F(x,y) =sinx —siny — y(y — x), * < y. Note that sinx, = sinz,, siny, = —sin z,
and sinz, >0, v > 0, hence for j > k, we get
F(0,z) = —sinz, — vz, <0,
F(0,yx) = F(0,7%) + F(xg, yr) < F(z, yx),
Fyr, y;) = —(y; —y) <0,
F(ay, ;) = —v(x; —xx) <0,
F(yr, 2jp1) = —2sinzy — y(zj41 — yx) <0,
F(rg,y;) = F(xr, yk) + F(yr, y5) < Fog, yr)
and
F(xy,yp) = 2sin z, — (21 — 2z,)
= Qf(z’}')?
where f(z) = sinz + cosz(m — z). Since f(r) = 0 and f'(z) = —(w — z)sinz < 0 for

z € [Z,7), it follows that for z € [%,7) we have f(z) > 0.

6 HJMM models

In this section as an illustration of the results from the previous sections we consider
equation (1.1) on H? as defined in [16] as the space of all functions f : R, — R for which
f € L? and f(+00) = 0, with inner product

<f7 g>H8} = <f,, g,>L%U

13



For every f € H?, (S(t)f) = S(t)(f'), hence Theorems 3.1, 3.3 hold for space H? as well.

We shall assume the driving process Z in (1.1) is the Wiener process W with covariance
operator Q = Id, i.e. Qu = u. Tehranchi [16] presents the following condition ensuring
that the solution to (1.1) on H? has a law-limit:

2

8 Hw*% ML+ L? < o, (6.1)

Ll

provided that

lo(f) = (@Dl 2oy < LN = gll g,
Ha(f)H@(U,Hlou) <M. (6.3)

We shall illustrate with three examples how the theory presented above leads to an im-
provement of this result. Proceeding as in the proof of Theorem 3.3 we obtain the following
condition ensuring a law-limit:

3

8Hw*% > ML+ L% < By, (6.4)
Ll

where (3, was defined by (3.7). Since C_,,, = 1, it is clear that

Oy -
= <sup — = Bu.
C—aw vER Cy

Qo

Our condition is strictly weaker whenever a,, < (3.

Example 6.1. Let w(z) = e + e, where 6 > —a > 0. It is easy to check that
oy =3(a+08) >0, 0, =20 and C_s, =2. We have

Ow
0 <y < < B.
o Ty <g

In the next example the weight w is increasing, but a,, = 0, hence condition (6.1) does
not hold no matter how small the noise is.

Example 6.2. Let w(z) = e* . Condition (6.4) becomes

3
37\ 1 2
8(—7T) ML+L2<\/:
2 e

Indeed, 3, = \/g (see Example 3.6) and

+o0
1 22 3m
g Wo/me B

Finally in case w is not increasing, neither condition (6.1) nor (6.4) ensure the existence of
a law-limit. In the next theorem we present a condition ensuring the law-limit for general
weights.

1
3

o

14



Theorem 6.3. Let L, M > 0 be given by (6.2) and (6.3). If
42 +4
w(0)(=yw)?

then there exists a unique measure j* such that for everyn € L? we have tlim L(f = p*.

— 400

ML+ L* < f3,, (6.5)

Example 6.4. Let w(z) = z%. Then v, = —1, B, = e !, hence (6.5) becomes
1(V2+1) ML+ L2 < e,
Example 6.5. Let w(z) =e**, o > 0. Then —v,, = B = «, hence (6.5) becomes
1(V2+1)aiML+ L2 <a.
Note that for such a weight the above condition is weaker than the one derived from (6.1):

8-33a 2ML+ L% < a.

6.1 Proof of Theorem 6.3

We start with introducing constants K,, and K,, connected to the weight function w. Let

[ 400 9 %

K, = / < dz| ,
w(z)

L 0

[ +o0 / 400 ] 2 %
K, = d d

J [ aie | wione
L O 13

The following inequality can be found in Filipovic [3] (see the proof of inequality (3.8) in

3):
1wl < B2 1)L (6.6)

Note that if f € H?, then f(x) = To—f’(f)dg, S0

+o00 400 +o0

mms//mwmm:/immm&

+oo
=/£W@ma
0

Hence from the Holder inequality, we obtain

11l < Koo £ 1], - (6.7)

In the proof of Theorem 6.3 we shall also need the following lemma.
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Lemma 6.6. If y e ', NR_, then

_ 2C
Kw S —,Yv
Vw(0)(=v)?

. c,
K, <——.
w(0)(=7)?

)2 C’Y ZIZ'Q —Ne?dr = C’Y 2
) S(—'y)w(O)O/ O ek
Since
1 Gy 10
< ez
Vw(@) — | w()
wE§§ = \/C_’ye%(sz)7
we get
70 w(g)dx 03 e e
w(z) “w(0)  (=)?
£
Thus
+oo /[ +00 2
V() &
0/ (! w(z) d) (0TS

]

The next result follows from (6.7), (6.6) and the proof of Corollary 3.7 in [3] (see also the
proof of Lemma 4.1 in [15])

Proposition 6.7. If [[Al| z2 oy » [|Bll c2v 9y < M, then

1Fw (A) = Fw(B)llgo < Ly 1A = Bll 2o »

with

Ly, = (Kw + f(w> M.

\)

Proof of Theorem 6.3. Let w be given by

B(x) = e sup [ Ew(€)].
£€(0,z]
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Then

||S(t)||L(LfD) < e%ut7
lo(F) = o(@llezz) < LI =g,z .
”U(f)HLZQ(U,L%) < M.

with L < VO L, M < \/C,, M. By Proposition 6.7
[(Fw o 0)(f) — (Fw 00)(9)l2 < 2Kz + Ka)MLI|f — g2

From Lemma 6.6, we have

Ky < )
w(O) (_PYw)S

Ky < L
w(0)(—w)?

We conclude that

UL+ 17 < _Av2Hd
-~ Vw(0)(=)?
< BuwC;,

= —Yw>

C, ML+ C, L

which implies the existence of a law-limit for equation (1.1) on LZ. ]

Remark 6.8. The presented theory can be applied to Lévy processes with jumps. For
example, for the standard real valued Poisson process N(t)i>o a condition similar to (6.5)
can be formulated under the assumption that o(f)(z) > 0 for every x > 0 and f € HX:

WA 2v2
w(o)(_Vw)g w<0) <_7w)55w

The derivation follows the proof of Theorem 6.3, only now the Lipschitz constant of the
drift coeffiecient Fy o o is given by (see the proof of Lemma 4.2 in [15])

ML+ L* < (3.

Loy =2 (Kw + f(w> ML + KK, ML
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