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Abstract

We study infinite dimensional stochastic evolution equations with Lévy noise and
the shift semigroup on functional spaces with weight. We show that the solution
is a càdlàg process. We present an explicit sufficient condition for the existence
of a unique invariant measure. Further, we study growth estimates for the shift
semigroup. The results are applied to Heath-Jarrow-Morton-Musiela models of
interest rates.

1 Introduction

Heath, Jarrow and Morton [7] introduced a flexible model for the term structure of interest
rates assuming that the forward rate process f(t, θ)t∈[0,θ] with maturity time θ is an Itô
process with finite dimensional Wiener noise. Musiela [10] proposed to define forward
rates in term of the remaining time to maturity x = θ − t and consider forward rate
functions ft(x) = f(t, t + x). This approach leads to the following SPDE on a separable
Hilbert H space of real functions defined on [0,+∞):

dft = (Dft + (FZ ◦ σ)(ft)) dt+ σ(ft)dZ(t), (1.1)

f0 = η,

where η ∈ H, the linear operator Df = f ′ generates a strongly continuous semigroup of
shift operators, Z is a U -valued Lévy process, σ is a mapping from H into the space of
linear bounded operators from U into H, denoted by L(U,H), and FZ is a mapping from
L(U,H) into H given by

FZ(B)(ξ) =
∂

∂ξ
ln E exp

−
ξ∫

0

(BZ(1)) (x)dx

 , B ∈ L(U,H), ξ ≥ 0.
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As appropriate state space for equation (1.1) H has been chosen to be a functional space
with weight function w, for instance a weighted L2 space (see [11], [14] and [15]) or
a weighted Sobolev space (see [3], [4], [6], [9], [16] and [17]). Vargiolu [17] proves the
existence of an invariant measure for Heath-Jarrow-Morton-Musiela (HJMM) models with
constant coefficients for an exponential decreasing weight function w(x) = e−αx. Sufficient
conditions for the existence of an invariant measure for the HJMM model are given in
Goldys and Musiela [6] for an exponential increasing weight function and in Marinelli [9],
Rusinek [15] or Tehranchi [16] for more general increasing weight functions. In this paper
we consider general, not necessarily increasing, weight functions.
We study general equations with the shift semigroup on functional spaces with weight. We
show that the solution is a càdlàg process. We also derive an explicit sufficient condition
for the existence of a unique invariant measure. Similar results on invariant measures for
general evolution equations can be found, amongs others, in Chojnowska-Michalik [1], Da
Prato and Zabczyk [2], van Gaans [5] or Rusinek [13], [15]. We study estimates for the
shift semigroup S(t)t≥0. We describe the set of (α,K) for which

‖S(t)‖L(H,H) ≤ Keαt, t ≥ 0. (1.2)

We prove that (1.2) holds for γ = 2α and K2 ≥ Cγ if and only if

Cγ = sup
x≥0

sup
y≥x

w(x)eγx

w(y)eγy
< +∞.

The sufficient condition for the existence of an invariant measure, where appear both γ
and Cγ leads to optimizing the function −γC−1

γ . For logarithmically convex and logarith-
mically concave weight function we present an explicit solution to this problem.
In the cited papers [6], [9], [15], [16] sufficient conditions for the existence of an invariant
measures for HJMM models were formulated for increasing weights w with

inf
x≥0

w′(x)

w(x)
> 0.

Our general results make it possible to formulate conditions for weights that are not
increasing, as well as for increasing weights w with

inf
x≥0

w′(x)

w(x)
= 0.

Finally, also for increasing weight functions we present weaker condition ensuring the
existence of an invariant measure.

2 Preliminaries

We will consider processes on a complete probability space (Ω,F ,P). Let Z(t) be a Lévy
process (i.e. a process with independent and stationary increments) taking values in
a separable Hilbert space (U, 〈·, ·〉U). We consider the following stochastic equation on
another separable Hilbert space (H, 〈·, ·〉H):

dX = (AX + F (X))dt+G(X)dZ(t), (2.1)

X(0) = η,
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where η ∈ H, the linear operator A - which in general may be unbounded - generates
strongly continuous semigroup SA(t)t≥0 of linear operators on H, F is a mapping from H
into H and G is a mapping from H into L(U,H). We shall assume that m = EZ(1) ∈ U
exists and the covariance operator of Z, which is given by

Qu = E [(Z(1)−m) 〈Z(1)−m,u〉U ] ,

exists and is bounded, i.e. ‖Q‖L(U) < +∞, where we abbreviate L(U,U) to L(U). This
is a less restrictive assumption than square integrability of Z since

VarZ = E ‖Z(1)−m‖2U = TrQ.

If the dimension of U is finite then for every Q ∈ L(U), it holds TrQ < +∞. We shall
also assume that there exists LF > 0 and LG > 0 such that for every x, y ∈ H

‖F (x)− F (y)‖H ≤ LF ‖x− y‖H , (2.2)

‖G(x)−G(y)‖L2(U,H) ≤ LG ‖x− y‖H , (2.3)

where the Hilbert-Schmidt norm of a linear operator B : U → H is defined as

‖B‖2L2(U,H) =
+∞∑
i=1

‖Bei‖2H < +∞,

where {ei}i is an orthonormal basis in U . The solution to (2.1) with initial condition η
shall be denoted by {Xη(t) : t ≥ 0}. The following theorem can be found in Rusinek [15]
(see Theorem 6.1).

Theorem 2.1. Suppose m = 0. Let LF , LG be given by (2.2), (2.3) respectively. If

‖SA(t)‖L(H) ≤ eαt,

and

2α + 2LF + LG
2 ‖Q‖L(U) < 0,

then there exists a unique measure µ∗ such that for every η ∈ H,

L(Xη(t))→ µ∗.

3 SPDEs with the shift semigroup

For a positive continuous w : R+ → R+, let L2
w denote the Hilbert space of all functions

f : R+ → R, such that

+∞∫
0

|f(x)|2w(x)dx < +∞,
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with inner product

〈f, g〉L2
w

=

+∞∫
0

f(x)g(x)w(x)dx,

and let W k,2
w denote the Hilbert space of all functions f : R+ → R such that f,Dlf ∈ L2

w

for every 1 ≤ l ≤ k with inner product

〈f, g〉Wk,2
w

= 〈f, g〉L2
w

+
k∑
l=1

〈Dlf,Dlg〉L2
w
.

We shall consider equation (2.1) on Sobolev spaces W k,2
w with A = D generating the

semigroup of shift operators S(t)t≥0, i.e.

(S(t)f)(x) = f(x+ t).

Theorem 3.1. For every η ∈ W k,2
w , the solution {Xη

t : t ≥ 0} to (2.1) on W k,2
w with A = D

is càdlàg.

In the proof of Theorem 3.1 we shall use the following proposition.

Proposition 3.2. The following conditions are equivalent:

w(x)e2αx ≤ K2w(y)e2αy, y ≥ x ≥ 0, (3.1)

‖S(t)‖L(Wk,2
w ) ≤ Keαt, t ≥ 0. (3.2)

Proof of Proposition 3.2. To avoid technicalities we shall present the proof for k = 1.
Assume that (3.1) does not hold, so for some b > t > 0, we have

w(b− t)−K2e2αtw(b) > 0.

Let g(x) = 1[t,+∞](x) (w(x− t)−K2e2αtw(x)). Since g(b) > 0 and w is continuous, there
exist ε, δ > 0 such that g(x) > ε on [b, b+ 2δ]. Let

h(x) = (x− b)1[b,b+δ](x)− (x− (b+ 2δ))1(b+δ,b+2δ](x).

Then h′(x) = 1[b,b+δ](x)− 1(b+δ,b+2δ](x). Since b > t, it follows that

‖S(t)h‖2
Wk,2
w
−K2e2αt ‖h‖2

Wk,2
w

=

+∞∫
t

(
|h(x)|2 + |h′(x)|2

)
g(x)dx

≥
+∞∫
t

|h′(x)|2 g(x)dx > 2εδ > 0.

Hence (3.2) does not hold.
Now assume that (3.1) holds. We have

‖S(t)f‖2
Wk,2
w
≤

+∞∫
0

(
|f(x+ t)|2 + |f ′(x+ t)|2

)
K2w(x+ t)e2αtdx

= K2e2αt

+∞∫
t

(
|f(ξ)|2 + |f ′(ξ)|2

)
w(ξ)dξ ≤ K2e2αt ‖f‖2

Wk,2
w
.
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Proof of Theorem 3.1. Since S is strongly continuous it follows that for some α,K ∈ R
we have (see, for instance, [12])

‖S(t)‖L(Wk,2
w ) ≤ Keαt.

Let

w̃(x) = e−2αx sup
ξ∈[0,x]

[
w(ξ)e2αξ

]
. (3.3)

Then clearly

w̃(x)e2αx ≤ w̃(y)e2αy, y ≥ x ≥ 0,

hence by Proposition 3.2, we get

‖S(t)‖L(Wk,2
w̃

) ≤ eαt. (3.4)

The Kotelenez theorem [8] ensures that under assumption (3.4) solution to (2.1) on W k,2
w̃

is càdlàg. The proof is finished once we show that norms ‖·‖Wk,2
w̃

, ‖·‖Wk,2
w

are equivalent.

Since ‖S(t)‖L(Wk,2
w ) ≤ Keαt, by Proposition 3.2 for every x ≥ 0, we have

sup
ξ∈[0,x]

[
w(ξ)e2αξ

]
≤ K2w(x)e2αx.

And

w(x) = e−2αxw(x)e2αx

≤ e−2αx sup
ξ∈[0,x]

[
w(ξ)e2αξ

]
,

thus

w(x) ≤ w̃(x) ≤ K2w(x), x ≥ 0.

For equations on W k,2
w with the shift semigroup analogous result to Theorem 2.1 holds

under less restrictive condition for the semigroup.

Theorem 3.3. Consider equation (2.1) on W k,2
w with A = D. Suppose m = 0. Let LF ,

LG be given by (2.2), (2.3) respectively. If

‖S(t)‖L(Wk,2
w ) ≤ Keαt, (3.5)

and

2α + 2KLF +K2LG
2 ‖Q‖L(U) < 0, (3.6)

then there exists a unique measure µ∗ such that for every η ∈ W k,2
w ,

L(Xη(t))→ µ∗.
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Proof of Theorem 3.3. Let w̃ : R+ → R+ be defined by (3.3). Easy computation shows
that

‖F (x)− F (y)‖Wk,2
w̃
≤ KLF ‖x− y‖Wk,2

w̃
,

‖G(x)−G(y)‖L2(U,Wk,2
w̃

) ≤ KLG ‖x− y‖Wk,2
w̃
.

Therefore condition (3.6) implies existence of a stationary distribution on space W k,2
w̃ from

Theorem 2.1.

Note that by Proposition 3.2 thesis of Theorem 3.3 holds if for some γ ∈ R

2LF + LG
2 ‖Q‖L(U) <

−γ
Cγ

,

where for every γ ∈ R, we define Cγ as

Cγ = sup
x≥0

sup
y≥x

w(x)eγx

w(y)eγy
.

Let

βw = sup
γ∈R

−γ
Cγ

. (3.7)

The following result presents an explicit formula for βw in two important cases when
function (lnw)′ is monotonic. The proof if left to Section 5.

Theorem 3.4. If lnw is a convex function and w(+∞) = +∞, then

βw =
w(xw)e−1

w(0)xw
,

where xw is the solution to
w′(xw)

w(xw)
=

1

xw
.

If lnw is a concave function, then

βw = lim
x→+∞

w′(x)

w(x)
.

Remark 3.5. If w(x) = eαx, α > 0, then both formulas correspond, since xw = α−1.

Example 3.6. Let w(x) = ex
2
. We have 2xw = 1

xw
for xw = 1√

2
. Thus

βw =
e

1
2

√
2

e
=

√
2

e
.

Example 3.7. Let w(x) = xx. We have 1 + ln xw = 1
xw

for xw = 1. Thus

βw =
1

e
.
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4 Growth estimates for the shift semigroup

In this section we shall investigate set Γw defined as

Γw = {γ ∈ R : Cγ < +∞} .

Note that Γw =
{
γ ∈ R : ∃C ≥ 1 : ‖S(t)‖2L(L2

w) ≤ Ceγt
}

, thus set Γw is not empty if and

only if S is strongly continuous on L2
w. Indeed, assume that there exists γ in Γw, fix

f ∈ L2
w and ε > 0. There exists r > 0 and g ∈ L2

w of class C∞ such that g(x) = 0 for
every x > r and ‖f − g‖L2

w
< ε. Since g is uniformly continuous, there exists δ ∈ [0, 1]

such that
∀t ∈ [0, δ] sup

x≥0
|g(x+ t)− g(x)| < ε.

It follows that for t ∈ [0, δ] we have

‖S(t)f − f‖L2
w
≤ ‖S(t)f − S(t)g‖L2

w
+ ‖g − f‖L2

w
+ ‖S(t)g − g‖L2

w

≤ (
√
Cγe

1
2
|γ| + 1)ε+ ε

 r∫
0

w(x)dx

1/2

.

The same way one can prove that Γw is not empty if and only if S is strongly continuous
on W k,2

w .
We are interested in finding estimates and formulas for

γ∗ := inf Γw = {γ ∈ R : Cγ < +∞} .

Proposition 4.1. Let δ̃w = lim inf
x→+∞

w′(x)
w(x)

, d̃w = lim inf
x→+∞

lnw(x)
x

. We have

−d̃w ≤ γ∗ ≤ −δ̃w.

Lemma 4.2. γ ∈ Γw if and only if there exist R,D ≥ 0 such that

lnw(x)− lnw(y) + γ(x− y) ≤ D, ∀y ≥ x ≥ R. (4.1)

Proof of Lemma 4.2. Clearly if Cγ < +∞, then (4.1) holds with R = 0, D = lnCγ. Now
assume that (4.1) holds, which means that for C = eD ≥ 1

sup
y∈[R,+∞)

sup
x∈[R,y]

w(x)eγx

w(y)eγy
≤ C.

Since

C̃ = sup
y∈[0,R]

sup
x∈[0,y]

w(x)eγx

w(y)eγy
< +∞,

it is enough to observe that if 0 ≤ x ≤ R ≤ y, then

w(x)eγx

w(y)eγy
=

w(x)eγx

w(R)eγR
· w(R)eγR

w(y)eγy
≤ C̃C.
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Proof of Proposition 4.1. For every γ > −δ̃w there exists R > 0 such that ∀ξ ≥ R, we
have φ′(ξ) + γ > 0, where φ(ξ) = lnw(ξ). Thus for every y ≥ x ≥ R

φ(x)− φ(y) + γ(x− y) = −
y∫
x

(φ′(ξ) + γ)dξ < 0.

Now assume that γ ∈ Γw. Then

w(0)C−1
γ e−γy ≤ w(y), y ≥ 0.

Therefore
φ(0)− lnCγ

y
− γ ≤ φ(y)

y
,

so
−γ ≤ d̃w.

Example 4.3. Let w(x) = exp {sin(x2)}, ξn =
√

2πn+ π. We have (lnw)′(ξn) = −2ξn,
so δ̃w = −∞. The set Γw is not empty: (4.1) holds for every positive γ and D = 2, since
lnw(x) ∈ [−1, 1].

Example 4.4. Let w(x) = exp {x cosx}, yn = 2πn + π
2
, xn = 2πn. Clearly d̃w = −1. If

Γw 6= ∅, then for some γ, we have

lnw(xn)− lnw(yn) ≤ γ
π

2
+ lnCγ.

But lnw(xn)− lnw(yn) = 2πn, so it must be that Γw = ∅.

Proposition 4.1 and Examples 4.3, 4.4 show that δ̃w > −∞ is a sufficient but not a
necessary condition for S to be strongly continuous and d̃w > −∞ is necessary but not
sufficient.
Since the existence of lim

x→+∞
φ′(x) implies existence of lim

x→+∞
φ(x)
x

= lim
x→+∞

φ′(x) as a conse-

quence of Lemma 4.1 we get the following result.

Lemma 4.5. If the limit lim
x→+∞

w′(x)
w(x)

= δw exists, then γ∗ = δw.

5 Explicit formulas for Cγ

Let

αw = inf
x≥0

w′(x)

w(x)
.

The following estimate can be found in Tehranchi [16]:

‖S(t)‖L(Wk,2
w ) ≤ e−

1
2
αwt.

The next result shows that −αw is also the smallest γ for which

‖S(t)‖L(Wk,2
w ) ≤ e

1
2
γt.
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Lemma 5.1. γ ∈ [−αw,+∞) if and only if Cγ = 1.

Proof of Lemma 5.1. For every γ ∈ R, the function ŵ : R+ → R, given by ŵ(x) = w(x)eγx

is nondecreasing if and only if

γ ≥ −w
′(x)

w(x)
, ∀x ≥ 0,

since

ŵ′(x) = w(x)eγx
(
w′(x)

w(x)
+ γ

)
.

If lnw is concave, then αw = δw, Γw = [−δw,+∞] and for every γ ∈ Γw we have Cγ = 1.
If lnw is convex, then αw = (lnw)′(0),

sup
x≥0

(lnw)′(x) = (lnw)′(+∞) = δw.

Therefore (lnw)′ : [0,+∞) → [αw, δw), thus the inverse of (lnw)′ acts from [αw, δw) into
[0,+∞). The next result gives an explicit formula for Cγ in case of a logarithmically
convex weight function.

Lemma 5.2. If lnw is a convex function, then for every γ ∈ (−δw,−αw), we have

Cγ =
w(0)

w(ψ(−γ))
e−γψ(−γ),

where ψ denotes the inverse of (lnw)′.

Example 5.3. Let w(x) = eδx + e−δx, where δ > 0. Since

w′(x)

w(x)
=
δeδx − δe−δx

eδx + e−δx
=
δ − δe−2δx

1 + e−2δx
,

we have γ∗ = −δw = −δ. And

d

dx

(
w′(x)

w(x)

)
=

4δ2

(w(x))2
≥ 0,

so αw = w′(0)
w(0)

= 0 and lnw is a convex function. For every γ ≥ 0, we have Cγ = 1. To

find Cγ for γ ∈ [−δ, 0), we can apply the above lemma. We have ψ(−γ) = ln
(
δ−γ
δ+γ

) 1
2δ

.

Thus

w(ψ(−γ))eγψ(−γ) = (eψ(−γ))(δ+γ) + (eψ(−γ))(−δ+γ)

=

(
δ − γ
δ + γ

) δ+γ
2δ

+

(
δ − γ
δ + γ

)−δ+γ
2δ

.
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With the notation q = δ−γ
2δ

, we obtain

w(ψ(−γ))eγψ(−γ) =

(
q

1− q

)1−q

+

(
q

1− q

)−q
=

(
q

1− q

)−q (
q

1− q
+ 1

)
=

(
q

1− q

)−q
1

1− q
=
(
qq(1− q)1−q)−1

.

Hence

Cγ = 2

(
δ − γ

2δ

) δ−γ
2δ
(
δ + γ

2δ

) δ+γ
2δ

.

Proof of Lemma 5.2. Let G(x, t) = φ(x)− φ(x+ t)− γt, where φ = lnw. Then

lnCγ = sup
x,t≥0

G(x, t).

Since
d

dx
G(x, t) = φ′(x)− φ′(x+ t) ≤ 0,

we get

lnCγ = sup
t≥0

[φ(0)− φ(t)− γt] .

To find the supremum of gγ given by

gγ(t) = φ(0)− φ(t)− γt,

note that g′γ is concave and g′γ(ψ(−γ)) = 0, thus

lnCγ = φ(0)− φ(ψ(−γ))− γψ(−γ).

Proof of Theorem 3.4. Assume that φ = lnw is convex and let

f(γ) = ln(−γ)− lnCγ.

By Lemma 5.2 we get

d

dγ
lnCγ = −(φ′(ψ(−γ)) + γ)

d

dγ
ψ(−γ)− ψ(−γ)

= −ψ(−γ),

thus f ′(γ) = 1
γ

+ ψ(−γ). If δw ≤ 0, then lnw and in turn w is bounded from above.

Therefore w(+∞) = +∞ implies δw > 0, so xw is well-defined. Since for −γ ∈ [αw, x
−1
w ],

we have f ′(γ) < 0, for −γ ∈ [x−1
w , δw), we have f ′(γ) > 0 and f ′(−x−1

w ) = 0, it follows
that

sup
γ∈[−δw,−αw]

f(γ) = f(−x−1
w ).
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Hence

sup
γ∈[−δw,−αw]

exp f(γ) = exp f(−x−1
w ) =

x−1
w

C−x−1
w

.

To finish the proof of the first part it is enough to observe that ψ(x−1
w ) = xw, hence by

Lemma 5.2, C−x−1
w

= w(0)
w(xw)

e1. To prove the second part it is enough to observe that if

lnw is concave, then δw = αw, hence Γw = [−αw,+∞) and for every γ ≥ −αw we have
Cγ = 1.

As a corollary to the above proof we get the following result.

Corollary 5.4. Let

γw = inf

{
γ :
−γ
Cγ

= βw

}
. (5.1)

If lnw is convex and w(+∞) = +∞, then −γw = x−1
w and if lnw is concave, then

−γw = αw = δw = βw.

Remark 5.5. We claim that −γw
Cγw

= βw.

Indeed, first note that for f(x) = −x
Cx

, we have f(x) ≤ 0, x > 0, and f(0) = 0, so

βw = sup
γ≤0

f(γ) ≥ 0.

Moreover f(−∞) = 0, since

lim
x→−∞

−x
Cx
≤ lim

x→−∞

w(1)

w(0)

−x
e−x

= 0.

It follows that βw = 0 if and only if f(x) = 0 for every x < 0 and in turn if and only
if γw = −∞. If βw > 0, then 0 > γw > −∞. Note that function g(γ) = Cγ is lower
semi-continuous as a supremum of continuous functions, hence there exists a sequence
γ(n) → γw such that

−γ(n)

Cγ(n)

= βw,

and
Cγw ≤ lim

n→+∞
Cγ(n) .

We conclude that
−γw
Cγw

≥ lim
n→+∞

−γ(n)

Cγ(n)

= βw.

We end this section with a technical result being a generalization of Lemma 5.2. In general,
the function (lnw)′ might be not invertible, so instead of ψ(−γ) from Lemma 5.2, we shall
consider the inverse images f−1[Y ] for f = (lnw)′ and Y = {−γ}.
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Lemma 5.6. For every γ > −δ̃w, we have

Cγ = sup
z∈Oγ

sup
ξ∈[z,+∞)∩Oγ

w(z)

w(ξ)
eγ(z−ξ), (5.2)

where
Oγ = {0} ∪ {x ≥ 0 : (lnw)′(x) = −γ} .

Proof of Lemma 5.6. Fix γ ∈ Γw and let G(x, t) = φ(x)− φ(x+ t)− γt. Then clearly

lnCγ = sup
x,t≥0

G(x, t)

= max

{
sup
t≥0

G(0, t), sup
x≥0

G(x, 0), lim sup
(x,t)→(+∞,+∞)

G(x, t), P

}

where

P = sup

{
G(x, t) :

d

dx
G(x, t) =

d

dt
G(x, t) = 0

}
We have

sup
t≥0

G(0, t) = max

{
G(0, 0), lim sup

t→+∞
G(0, t), sup {G(0, t) : φ′(t) = −γ}

}
.

Since G(0, t) = φ(0) − t
(
φ(t)
t

+ γ
)

and lim inf
t→+∞

φ(t)
t

+ γ = d̃w + γ > 0, we conclude that

G(0,+∞) = −∞. Moreover G(x, 0) = G(0, 0) = 0 for every x ≥ 0, thus

sup
x,t≥0

G(x, t) = max

{
sup {G(0, t) : t ∈ Oγ} , lim sup

(x,t)→(+∞,+∞)

G(x, t), P

}
.

Since an easy computation shows that d
dx
G(x, t) = d

dt
G(x, t) = 0 if and only if

φ′(x) = φ′(x+ t) = −γ,

the proof is finished once we show that if x→ +∞, t→ +∞, then

φ(x)− φ(x+ t)− γt→ −∞.

Since γ > −δ̃w, there exists R, ε > 0 such that φ′(ξ) + γ ≥ ε for every ξ ≥ R. It follows
that

φ(x)− φ(x+ t)− γt = −
x+t∫
x

(φ′(ξ) + γ) dξ

≤ −εt.

Lemma 5.7. If φ = lnw is bounded, then formula (5.2) holds for every γ > γ∗ = 0.
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Remark 5.8. If ŵ(x) = w(x)eαx, then γ̂∗ = γ∗ − α and for γ > γ̂∗, we have Ĉγ = Cγ+α.

Proof of Lemma 5.7. It is clear that d̃w = 0. Thus γ∗ ≥ 0 from Proposition 4.1. To show
that 0 ∈ Γw, note that

φ(x)− φ(y) ≤ 2 sup
ξ≥0
|φ(ξ)| < +∞.

The proof of the formula follows the proof of Lemma 5.6 except for the last step, where
we now prove that lim

x,t→+∞
[φ(x)− φ(x+ t)− γt] = −∞ observing that

φ(x)− φ(x+ t)− γt ≤ 2 sup
ξ≥0
|φ(ξ)| − γt.

Example 5.9. For w(x) = esinx, we have αw = −1. We claim that for every γ ∈ [0, 1),
we have

Cγ = exp
{

2
(√

1− γ2 − γ arccos γ
)}

.

Indeed, for every γ ∈ [0, 1) let zγ = arccos(−γ) ∈
[
π
2
, π
)
. Then

Oγ = {0} ∪ {xk = zγ + 2kπ, k ∈ N} ∪ {yk = 2π − zγ + 2kπ, k ∈ N} .

Let F (x, y) = sinx − sin y − γ(y − x), x ≤ y. Note that sinxk = sin zγ, sin yk = − sin zγ
and sin zγ > 0, γ > 0, hence for j ≥ k, we get

F (0, xk) = − sin zγ − γzγ < 0,

F (0, yk) = F (0, xk) + F (xk, yk) < F (xk, yk),

F (yk, yj) = −γ(yj − yk) ≤ 0,

F (xk, xj) = −γ(xj − xk) ≤ 0,

F (yk, xj+1) = −2 sin zγ − γ(xj+1 − yk) < 0,

F (xk, yj) = F (xk, yk) + F (yk, yj) ≤ F (xk, yk)

and

F (xk, yk) = 2 sin zγ − γ(2π − 2zγ)

= 2f(zγ),

where f(z) = sin z + cos z(π − z). Since f(π) = 0 and f ′(z) = −(π − z) sin z < 0 for
z ∈

[
π
2
, π
)
, it follows that for z ∈

[
π
2
, π
)

we have f(z) > 0.

6 HJMM models

In this section as an illustration of the results from the previous sections we consider
equation (1.1) on H0

w as defined in [16] as the space of all functions f : R+ → R for which
f ′ ∈ L2

w and f(+∞) = 0, with inner product

〈f, g〉H0
w

= 〈f ′, g′〉L2
w
.

13



For every f ∈ H0
w, (S(t)f)′ = S(t)(f ′), hence Theorems 3.1, 3.3 hold for space H0

w as well.

We shall assume the driving process Z in (1.1) is the Wiener process W with covariance
operator Q = Id, i.e. Qu = u. Tehranchi [16] presents the following condition ensuring
that the solution to (1.1) on H0

w has a law-limit:

8
∥∥∥w− 1

3

∥∥∥ 3
2

L1
ML+ L2 < αw, (6.1)

provided that

‖σ(f)− σ(g)‖L2(U,H0
w) ≤ L ‖f − g‖H0

w
, (6.2)

‖σ(f)‖L2(U,H0
w) ≤M. (6.3)

We shall illustrate with three examples how the theory presented above leads to an im-
provement of this result. Proceeding as in the proof of Theorem 3.3 we obtain the following
condition ensuring a law-limit:

8
∥∥∥w− 1

3

∥∥∥ 3
2

L1
ML+ L2 < βw, (6.4)

where βw was defined by (3.7). Since C−αw = 1, it is clear that

αw =
αw
C−αw

≤ sup
γ∈R

−γ
Cγ

= βw.

Our condition is strictly weaker whenever αw < βw.

Example 6.1. Let w(x) = eαx + eδx, where δ > −α > 0. It is easy to check that
αw = 1

2
(α + δ) > 0, δw = δ and C−δw = 2. We have

0 < αw <
δw
C−δw

≤ βw.

In the next example the weight w is increasing, but αw = 0, hence condition (6.1) does
not hold no matter how small the noise is.

Example 6.2. Let w(x) = ex
2
. Condition (6.4) becomes

8

(
3π

2

) 3
4

ML+ L2 <

√
2

e
.

Indeed, βw =
√

2
e

(see Example 3.6) and

∥∥∥w− 1
3

∥∥∥
L1

=
√

6π

+∞∫
0

1√
6π

e−
x2

3 dx =

√
3π

2
.

Finally in case w is not increasing, neither condition (6.1) nor (6.4) ensure the existence of
a law-limit. In the next theorem we present a condition ensuring the law-limit for general
weights.
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Theorem 6.3. Let L,M ≥ 0 be given by (6.2) and (6.3). If

4
√

2 + 4√
w(0)(−γw)3

ML+ L2 < βw, (6.5)

then there exists a unique measure µ∗ such that for every η ∈ L2
w we have lim

t→+∞
L(f ηt ) = µ∗.

Example 6.4. Let w(x) = xx. Then γw = −1, βw = e−1, hence (6.5) becomes

4
(√

2 + 1
)
ML+ L2 < e−1.

Example 6.5. Let w(x) = eαx, α > 0. Then −γw = βw = α, hence (6.5) becomes

4
(√

2 + 1
)
α−

3
2ML+ L2 < α.

Note that for such a weight the above condition is weaker than the one derived from (6.1):

8 · 3
3
2α−

3
2ML+ L2 < α.

6.1 Proof of Theorem 6.3

We start with introducing constants K̄w and K̂w connected to the weight function w. Let

K̄w =

 +∞∫
0

x2

w(x)
dx

 1
2

,

K̂w =

 +∞∫
0

 +∞∫
ξ

1

w(x)
dx

2

w(ξ)dξ


1
2

.

The following inequality can be found in Filipovic [3] (see the proof of inequality (3.8) in
[3]): ∥∥f 4w

∥∥
L1 ≤ K̂2

w ‖f‖
4
H0
w
. (6.6)

Note that if f ∈ H0
w, then f(x) =

+∞∫
x

−f ′(ξ)dξ, so

‖f‖L1 ≤
+∞∫
0

+∞∫
x

|f ′(ξ)| dξdx =

+∞∫
0

ξ∫
0

|f ′(ξ)| dxdξ

=

+∞∫
0

ξ |f ′(ξ)| dξ.

Hence from the Hölder inequality, we obtain

‖f‖L1 ≤ K̄w ‖f‖H0
w
. (6.7)

In the proof of Theorem 6.3 we shall also need the following lemma.
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Lemma 6.6. If γ ∈ Γw ∩ R−, then

K̄w ≤
√

2Cγ√
w(0)(−γ)3

,

K̂w ≤
Cγ√

w(0)(−γ)3
.

Proof of Lemma 6.6. We have (w(x))−1 ≤ eγxCγ(w(0))−1, so

(K̄w)2 ≤ Cγ
(−γ)w(0)

+∞∫
0

x2(−γ)eγxdx =
Cγ
w(0)

2

(−γ)3
.

Since

1√
w(x)

≤

√
Cγ
w(0)

e
γ
2
x,√

w(ξ)

w(x)
≤
√
Cγe

γ
2
(x−ξ),

we get  +∞∫
ξ

√
w(ξ)

w(x)
dx

2

≤
C2
γ

w(0)
e−γξ

e2γξ

(−γ)2
.

Thus

+∞∫
0

 +∞∫
ξ

√
w(ξ)

w(x)
dx

2

dξ ≤
C2
γ

w(0)(−γ)3
.

The next result follows from (6.7), (6.6) and the proof of Corollary 3.7 in [3] (see also the
proof of Lemma 4.1 in [15])

Proposition 6.7. If ‖A‖L2(U,H0
w) , ‖B‖L2(U,H0

w) ≤M , then

‖FW (A)− FW (B)‖H0
w
≤ LFW ‖A−B‖L2(U,H0

w) ,

with
LFW = 2

(
K̄w + K̂w

)
M.

Proof of Theorem 6.3. Let w̃ be given by

w̃(x) = e−γwx sup
ξ∈[0,x]

[eγwξw(ξ)].
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Then

‖S(t)‖L(L2
w̃

) ≤ eγwt,

‖σ(f)− σ(g)‖L2(U,L2
w̃

) ≤ L̃ ‖f − g‖L2
w̃
,

‖σ(f)‖L2(U,L2
w̃

) ≤ M̃.

with L̃ ≤
√
CγwL, M̃ ≤

√
CγwM . By Proposition 6.7

‖(FW ◦ σ)(f)− (FW ◦ σ)(g)‖L2
w̃
≤ 2(K̄w̃ + K̂w̃)M̃L̃ ‖f − g‖L2

w̃
.

From Lemma 6.6, we have

K̄w̃ ≤
√

2√
w(0)(−γw)3

,

K̂w̃ ≤
1√

w(0)(−γw)3
.

We conclude that

4
(
K̄w̃ + K̂w̃

)
M̃L̃+ L̃2 ≤ 4

√
2 + 4√

w(0)(−γw)3
CγwML+ CγwL

2

< βwCγw
= −γw,

which implies the existence of a law-limit for equation (1.1) on L2
w̃.

Remark 6.8. The presented theory can be applied to Lévy processes with jumps. For
example, for the standard real valued Poisson process N(t)t≥0 a condition similar to (6.5)
can be formulated under the assumption that σ(f)(x) ≥ 0 for every x ≥ 0 and f ∈ H0

w:

4
√

2 + 4√
w(0)(−γw)3

ML+
2
√

2

w(0)
√

(−γw)5βw
M2L+ L2 < βw.

The derivation follows the proof of Theorem 6.3, only now the Lipschitz constant of the
drift coeffiecient FN ◦ σ is given by (see the proof of Lemma 4.2 in [15])

LFN◦σ = 2
(
K̄w + K̂w

)
ML+ K̄wK̂wM

2L.
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